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Preface

My objective in this monograph is to provide a mathematically rigorous
account of the handling of geometrical singularities in space-time manifolds
that will be sufficient to bring newcomers to the field into touch with current
research. Some new material and new proofs are included. Throughout I
have made an effort to bring results and their proofs, new or from the
literature, into a rigorous common accord and a natural juxtaposition. By
this means a clear theme of development is apparent, but the standardiza-
tion of notation and argument permit the text to be used as a reference work
because of the detailed labeling of subsections and the large number of
cross-references.

The readers will, I hope, include nonspecialists as well as those already
having an interest in space-time theory. To differential or global geometers
we can offer a way of using fibre bundles to study manifold singularities
that develops to a definite and exciting physical application; it is well within
their reach because the required background physics is very slight and amply
covered in the text. The first part is directed to astronomers and physicists
without some knowledge of modern differential geometry but who wish to
grasp the current definition and classification of space-time singularities.
This part reviews necessary material on topology, manifolds, Lie groups,
fibre bundles, and connections; it omits all proofs but substitutes worked
examples to illustrate most of the definitions. So Part I can either be scanned
for unfamiliar topics or referred to for definitions and examples during a
study of the sequel. Since all but elementary definitions are included, this
paper is self-contained.

The first half is concerned with the geometry of manifolds with a con-
nection and of the fibre bundles related to them; specialization to space-
time manifolds is deferred to Part III. A connection on a manifold is equiva-
lent to having well-defined covariant differentiation or parallel transport.
Such extra structure is possessed by a space-time manifold by virtue of its
pseudo-Riemannian metric tensor field, which always determines the unique
Levi-Civita connection. Our story begins in 1971, when B. G. Schmidt used
this connection to effect a completion that incorporates singularities as
extra points in an extended space~time. His process is efficient and attractive:
the frame bundle is metrized, Cauchy completed, and then factored by its
structure group, whose action extends uniquely to the completion. We

393



394 Dodson

accumulate general properties of the spaces involved and subsequently
concentrate on their role in space-time theory. The uniqueness is of course
advantageous in defining singularities, a notoriously difficult thing in space—
times. Their derivation from the connection assures us of physical signifi-
cance, for in cosmological models it is the disposition of matter that deter-
mines the curvature of the connection. Moreover, it turns out that the
boundary points in the completed space-time are typically endpoints of
curves on which the curvature is without limit. However, drawbacks arise
because the completion need only be a topological space of non-Hausdorff
type: we lose the manifold structure and usual separation properties for
events near the edge. So we consider modifications that remove some of
the unphysical identifications among singularities. One of these modifica-
tions, due to C. J. S. Clarke, appears to meet most of the immediate require-
ments and provides our tale with an unexpected twist. To firmly grasp just
what goes wrong with Schmidt’s original completion, we make a detailed
study of a simple class of space-times that yield unwanted identifications of
singularities. We end with the currently accepted classification scheme for
singularities and summarize the position as it appears after the Eighth
International Conference on General Relativity and Gravitation (GRS),
held in August 1977.

Most of the work on this study was done during a sabbatical year
1976-1977 at the International Center for Theoretical Physics, Trieste,
Italy, where a course of lectures on the material was given. I wish to thank
the director, Abdus Salam, for his encouragement and interest, and his
staff in the ICTP Library and Publications Office for their invaluable sup-
port. My stay in Trieste was made possible by the award of a Royal Society
"European Science Exchange Programme Fellowship. I am indebted to the
Royal Society for this and for a travel grant to attend the GR8 Conference
in Canada, where I was kindly supported by the Society for General Rela-
tivity and Gravitation. I am grateful to Professor Salam, the IAEA, and
UNESCO for hospitality in Trieste and for a travel grant to make the visit.
I have consulted too many people for due acknowledgment to be given
here; in fact many of the workers mentioned in the text have kindly responded
to queries with letters and preprints. However, in particular, C. J. S. Clarke
has been unstintingly helpful throughout, and M. J. Slupinski helped revise
the final draft and collaborated on the preparation of Section 111.4.4. Finally,
many people have been subjected to lectures on the material (at ICTP and
Lancaster) or to seminars on space-time completions (in Europe and North
America) during the last year or so, and their comments and queries have
led to improvements in this text. I am pleased to be able to acknowledge
these sources of help in organizing the contents, but I remain fully responsible
for any remaining errors.



Part I. Background with Examples

The material that it is convenient to have available for reference in the
sequel we gather under five section headings: (1) topology, (2) manifolds,
(3) Lie groups, (4) fibre bundles, and (5) connections.

For topology, which pertains mainly to separation and convergence
properties, conveniently readable and widespread references are Kelley [39]
and Dieudonné [14]. Little in the way of amplification seems necessary for
that section.

Differential geometry is covered, though rather tersely for physicists,
in Kobayashi and Nomizu [41]. The texts by Bishop and Crittenden [4]
and Brickell and Clark [8] deal with similar material but contain more
breathing spaces in the exposition and more actively encourage an intuitive
feel for the subject. A geometrically motivated account of manifolds, their
curvature, and connections is given in Dodson and Poston [16], which
begins with vector spaces and proceeds to a rigorous formulation of rela-
tivistic space-time. Our notation follows this text when it is convenient;
otherwise it is similar to that in the former books. The end or absence of a
proof is signified by .

1. TOPOLOGY

By the term space we always mean a topological space, perhaps also
having additional structure that is plain from the context: A map between
spaces, denoted by f say, will be represented as

[ X—=>Y: x—>f(x)
when f has domain X and it sends the arbitrary element x € X to f(x) € Y.
Moreover, we shall use the notation

f<isub Y—>sub X: B> {xe X|f(x)e B}

for the induced map on subsets of Y when the image of fis Y. Thus we
reserve the symbol /'~ for the case when fis a bijection and £~ is its inverse.
The identity map on any space X is denoted 7.

1.1. A space is called
(i) T, if for each pair of distinct elements from it there is a neighbor-
hood of one to which the other does not belong;
(ii) T, if each set consisting of a single point is closed;
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(iii) T, or Hausdorff if whenever x and y are distinct elements from it
there exist disjoint neighborhoods of x and y. Hence metric spaces
are always T, spaces.

1.2. Every subspace of a T, [respectively, T,] space is a T; [respectively,
T,] space. Il

1.3. For any semimetric space (X, p) we have the equivalences X is Ty < X
is T} < p is a metric. |

1.4. Every convergent sequence in a 7, space has a unique limit. |l

1.5. Let g,/: X— Y be continuous maps with ¥ a T, space. Then
{x e X|f(x) = g(x)} is closed; if it is also dense in X, then f == g. |}

1.6. Let f: X— Y be continuous with X a 7T, space. Then graph

f={(xf(x))e X x Y} is closed in the product topology and f<(y) is
closedin Xforall ye Y. |}

1.7. A space is called

(i) regular if for any subset 4 and point x € 4 there exist disjoint
open sets containing 4 and x;
(i) T; if regular and T7;
(iii) normal if given any two disjoint closed subsets there are disjoint
open subsets containing them;
(iv) 7, if normal and T7,.
1.8. Every semimetric space is regular and normal but not necessarily
Hausdorff. Jlif

1.9. A map f: X — Y between metric spaces (X, d) and (Y, d’) is called
uniformly continuous if (Ye > 0)(38 > 0):

d(x,y) < 8 =d'(f(x),f(») < ¢

1.10. Let A be a dense subset of a metric space (X, d) and f a uniformly
continuous map of 4 into a complete metric space (Y, d'). Then there exists
a uniformly continuous map f: X — Y, coinciding with fin 4. [

1.11. Let (X, d), (X, d’) be metric spaces having the same underlying space.
Then we have the following:

(i) If I is a homeomorphism, then the d-topology coincides with the
d’-topology for X.
(ii) If I is uniformly continuous (with a uniformly continuous inverse)
between (X, d) and (X, d’), then the Cauchy sequences for 4 and
d’ agree. I}
In case (i) we call d and d’ topologically equivalent distances, and in case (ii)
we call them uniformly equivalent; from 1.9 the latter implies the former.

1.12. Let A4 be a subset of a topological space X. We shall use the following
notation:
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(i) int (4) for the interior of A, the largest open subset of 4;
(ii) A° for the closure of A, the smallest closed set containing 4;
(iii) A for the topological boundary of A, the set A° N (X\A4)°.
We recall a few properties.
(@) Aisopen < int(4) =4 = ANA4d = 2.
(b) Aisclosed <+ A = A < A contains its limit points.
(©) (X\4)° = X\int (4).
(d) 4°int (4) = A.
() AU A4 = 4°.
) A\A = int(4). B
1.13. A covering space of a connected, locally arcwise connected topological
space X, is a connected space E such that
(i) there exists a projection p: E— X;;
(i) for all x € X there exists a connected open neighborhood U of x
such that each connected component p=(U)’ of p~(U) is open in
E and homeomorphic to U by the restriction of p: p=(U) ~ U.

A covering space is called a wuniversal covering space if it is simply
connected.

If X is a manifold, then every covering space has a unique manifold
structure that makes the projection differentiable (cf. 4.6).

Two covering spaces p: E— X, p': E' — X are isomorphic if there
exists a homeomorphism f: E ~ E’ such that p’ o ' = p.

Note that we use ~ to denote that two spaces are homeomorphic,
that is, topologically equivalent. We shall use ~ to denote a stronger equiva-
lence that is of interest when additional structure is present in the spaces.
For example, in the case of metric spaces (X, d), (Y, d'), the existence of a
homeomorphism (X ~ Y) that is also an isometry will be indicated by
X =~ Y. Similarly in the case of manifolds M, M’ (cf. Section 2) if their
underlying topological spaces are homeomorphic (M ~ M') via a map f
that is also a diffeomorphism (f and f~! are continuously differentiable),
then we write M >~ M.

1.14. Paracompactness. An open covering of a topological space X is a family
F of open sets W such that

x=\Jw

WeF

This family is called locally finite if for all x € X there is an open set W,
containing x and such that

{(WeFIWnW, # @}

is finite. The space X is paracompact if every open covering F of X has a



398 Dodson

locally finite open refinement H < F; that means that H is to be an open
covering of X with

VWeH)IWeF): VW

It is known that all metric spaces are paracompact. I}

2. MANIFOLDS

By the term manifold we shall mean a finite-dimensional, smooth real
manifold. For the standard manifolds like R, R”, and S* and their products
we shall assume atlases derived from the identity map on the relevant R™
that contains them. We recall that every point x in a topological n-manifold
M has a neighborhood Ahomeomorphic to an open set in R". For a smooth
n-manifold M, each such x also possesses a tangent vector space T,M;
these tangent spaces can be collected to form a smooth 2s-manifold, the
tangent bundle TM, with underlying set e TM and canonical projection
II;: TM - M, sending T, M to x for all x e M. Each of the tangent spaces
T.M is isomorphic to R", and so we shall often denote an element in 7, M
by a pair (x, v) with v in some convenient isomorph of R", induced by a
choice of basis for T, M.

The differentiable structure of a smooth manifold allows us to define
differentiability for maps between manifolds. In particular every point of
such an xn-manifold has a neighborhood that is diffeomorphic (denoted by
~) to an open set in R™. Suppose that M; and M, are smooth manifolds
of dimensions n and m, respectively. Given any differentiable map

fiM,— M,
there is induced a map, its differential,
Df:TM, —~TM,
which for all x € M, has a linear restriction
D.f: T:M, — TyM,

If ¢ and ¢ are local chart maps about x and f(x), then we have a local
representation of f (with domain contained in R™ signified by >»)

pofop i R > R™: (x) — ()

The Jacobian matrix (f/), at (x)) = ¢(x) induces the local representation of
the derivative D, f by!

D, f: R* = R™: () — (f7v)

1 We use Finstein’s summation convention throughout.



Space~Time Edge Geometry 399

We shall find it convenient to write
D.f: T .M, — TyM,: (x, v))— (f(x), fi7v))

when a choice of charts has been decided.
2.1. A vector field on a manifold M is a map

wiM-—>TM

such that for all x e M, T1(w(x)) = x. (See 4.3, Example 3.) We shall always
assume that our vector fields are smooth. An equivalent definition is that w
is a smooth section of the surjection II;. The set of such will be denoted
TM; under pointwise operations it becomes a vector space (infinite
dimensional).

It turns out that vector fields are derivations on smooth real functions
on the manifold.

2.2. The Lie bracket of two vector fields v, w on a manifold M is the
unique vector field denoted [v, w] and defined to act on all smooth f: M — R
by

[o, WI(F) = v(w(f)) — w(f)) B

2.3. An integral curve of a vector field w on M is a curve ¢: t+—=¢(f) in
M such that its tangent vector ¢(f) at each ¢ satisfies ¢(¢) = w o ¢(z). Such
curves always exist for smooth vector fields and they are essentially unique
(see [16] for a recent geometrical proof). i

2.4. Suppose that (M, g) is a connected Riemannian manifold. Then g
defines a distance function

dy: M x M— R:(x,y)»inf{J‘ ||é|||ceI‘(x,y)}

where I'(x, y) is the class of all piecewise continuously differentiable curves
from x to y in M. Thus we have

(i) (M, d;) is a topological metric space, and the metric topology
coincides with the manifold topology.

(i) (M, g) is complete if (M, d,) is a complete metric space. A Rieman-
nian manifold that is not complete admits a completion as a metric
space by the standard procedure using equivalence classes of Cauchy
sequences. We shall denote the extension of a metric d to this
completion by 4. |l

Example. The point we illuminate is that if (M, g) is not complete,

then for some x, ye M there may be no ¢ eI'(x, y) such that the length

f | ¢]l of ¢ equals the distance dg(x, y). Take M = R2\{(0, O} with the Euclidean
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metric and choose x = (—1,0), y = (1, 0). Then plainly 4,(x, y) = 2, but
there is no curve of this length joining x and y in M. In this case the Cauchy
completion M of M, is easily seen to be R2.

2.5. A connected Riemannian manifold turns out to be complete if
and only if every geodesic can be extended to arbitrarily large parameter
values; however, this correctly belongs in Section 5 under connections (see
5.8, 5.11, and 5.12).

2.6. Every paracompact manifold admits a Riemannian structure. Con-
versely, a connected Riemannian manifold is also a metric space by 2.4 and
hence paracompact by 1.14. For a connected manifold M, paracompactness
is equivalent to M satisfying the second axiom of countability: its topology
can be generated by a countable collection of open sets (see Kobayashi and
Nomizu {41], p. 271). B

2.7. A parallelization on an n-manifold is a continuous assignation of
an ordered set of n independent tangent vector fields. That is a continuous
assignation of a frame or equivalently a continuous section of the frame
bundle (see 4.1). A manifold is called parallelizable if it admits a paralleliza-
tion. The product manifold of parallelizable manifolds is parallelizable.
The only compact two-manifolds that are parallelizable are the Klein bottle
and torus, and the only parallelizable spheres are S, S3 and S7. Any
manifold with a global chart is parallelizable. If an n-manifold M is
parallelizable, then there is a diffeomorphism TM >~ M x R™

3. LIE GROUPS

Global algebraic actions on manifolds prove to be powerful investigative
tools, and they provide elegant geometrical constructions. We are interested
in the actions of groups on smooth manifolds, so we shall want the groups
to be smooth themselves with smooth actions. We are forced to the following
definition.

3.1. A Lie group is a group that is also a smooth manifold such that
the group operation (g, b) > ab~* is smooth.

Note that saying that (@, b) > ab~1 is smooth is simply a short way of
saying that the following maps are smooth for all g, b in the group:

L,:b—ab (left translation)
R,: b+ ba (right translation)
“Ligrs>a? (inversion)
Example 1. The general linear group Gl(n; R) of all n x n real non-

singular matrices forms an open submanifold of R"™. In particular
GI(1; R) = R\{0}, which we shall denote by R*.
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Example 2. The group of matrices

1 v
(1 _ v2)1/2 (1 _ 02)1I2
. withl > 1?eR
v

(I —_ 1;2)112 (1 —_ 02)112

This is important in relativity where it generates a one-parameter subgroup
of the Lorentz group. It has an equivalent representation as

-

lCOSh x Sinhy

sinh ¥ cosh X] with x R

3.2. A left-invariant vector field of a Lie group G is a vector field
w: G — TG that is fixed under the differentials of left translations. This means
thatforallge G, L,: G — G: h— gh, left translation by g, and the differential
DL,: TG — TG have the property that

DL w(h) = w(L,(h) = w(gh), YheG

Example. Let G = Gl(n; R). Then for any a € G,

T,G = {(a, A)|A is an n x n real matrix}
In particular for n = 1 we have G = R*, and for all g € R*
Lg: R* - R*: g+ ga
D,L,: T,R* - T,,R*: (a, A) > (ga, g4)

3.3. The left-invariant vector fields of a Lie group G form a vector
space, and an algebra under the Lie bracket composition called the Lie
algebra g of G.

As a vector space we have an isomorphism of g with the tangent space
to the identity e G

g = T.G:y—>y(e)

Hence g has the same dimension as the manifold G.

As an algebra we find that the inclusion of g in %(G), the Lie algebra of
all vector fields on G, is a homomorphism so ¢ is a Lie subalgebra of
%0G). 1

Example. For G = Gl(n; R) we have g = g/(n; R) consisting essen-
tially of all # x » real matrices 4, which determine fields by

A:G—>TG:ar>(a, A)eT,G

The Lie bracket operation is the composite matrix product
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[4, B] = AB — BA

We pursue the one-dimensional example in 3.2 to display the left-invariance
property. Plainly we have g/(1; R) = R. Let y € R; then we require

y: R* > TR*: ar> (a, y,)
such that for all g, g € R*
DLgy(a) = v(L(a))
Hence at the identity ¢ = 1 € R*
gy(e) = y(ge) = ¥(g)
So we have y(@) = ay(1) = ay,, say.

3.4. The adjoint representation Ad of a Lie group G in its Lie algebra g
is obtained from the automorphisms

ad(g) = LiR,-1:G—>G:h—>ghg™!, VgeG
by putting
Ad (g):8 —>g:y> D(LsRy-)y = D ad (2)()

This of course implies that left-invariance is preserved i

Example. The adjoint representation is trivial for any g € R*, since

L,R;-1: R* — R*: he—>ghg™! =

so Ad(g) = I.

3.5. Every y in g, the Lie algebra of a Lie group G, generates a one-
parameter subgroup of G as follows.

Let ¢,: t+> v, be the integral curve in G (see 2.3), determined for |¢| < €

for some real ¢ > 0, with initial conditions: v, = ¢/(0) = e, the identity
in G, and ¢,(0) = y(e) € T,G (see 3.3). Define the map

@: G— G:g—> Ly, (2] < €

Now this is valid for all g € G and hence admits an extension to all e R.
It turns out that we have a group, because for all ge G

Lg('}’t+s) = Lg('}’t) ° Lg('ys)
Hence the required subgroup of G is
G, = {ple)|te R}
We also obtain the exponential map

exp:g—> Giyt—>y
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Example. For G = Gl(n: R) we find that the exponential map coin-
cides with the usual exponential function for matrices y

expy = i Yok
k=0
We can see why this is so from the case n = 1. We seek the integral
curve for y egl(1; R) = R given by (see Example, 3.3)
¢ (—e € —>R*
subject to ¢,(0) = e =1 and ¢,0) = y(1) = y, at 0 (—¢, €) and subject
atallte{—e € to
Et) =y o e(t)
So our differential equation is
1) = yooy(t)
and the required solution is
¢, (—¢, € — R¥: t 1> "o
Finally, the one-parameter subgroup is given by
@ R* — R*: g1 getot
and the exponential map is
exp: R— R*: y—> ¢’

3.6. Let G be a Lie group and P a smooth manifold. Then G acts on
P to (or on) the right if there is a smooth map

P x G—P:(u, g)— R (u)
satisfying (i) g: P—> P:ur> R(u) is a diffeomorphism, Vg e G, and (ii)
R, ) = R(R,w), Vg, heG, YucP.
Example 1. Take G = R* and P = R? with
R? x R* — R*: ((x, ), &) — (g%, &¥)
Example 2. Take P = G and use right translation in G:
GxG—>G:(hgr> R(h) = hg

3.7. Let a Lie group G act on the right of a manifold P. Then, from
3.5, every y €g determines a one-parameter subgroup of G

Gy, = {pe) = exp ty[t e R}

which acts on the right of P by its inclusion in G; it also has the following
properties:
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(i) Through each u € P there is a smooth curve
t—> Roye(®)

with tangent vector y,* € TP at t = 0 (see 4.2).
(ii) Denote by XP the Lie algebra of vector fields on P, and define a
map

D:g-—>XP: yr>y*
where
y*: P—TP: ut—>y,*

Then @ is a Lie algebra homomorphism. If the only element of G with a
fixed point is e, then y,* is not the zero vector at any u € P, for nonzero
ves. M

Example 1. When G = 0(2; R), the orthogonal subgroup of GI(2; R), -
then for any

_ o ¢
Y = _ 0 0 € g
we have
| cos@ sinéd
®XPY =1 _sinf cos b

Example 2. For G = GI(1; R) = R* we have from 3.5, for any ye
sl(1; R) =R,

G, ={" = exp tylte R} < R*
Using the action of R* on R? from Example 1, 3.6, we find the curve
t> Ro(u) = (xe?, yet?) = u(t)
in R? through u# = (x, y). The tangent vector to this curve at any ¢ is
((xe", yet), (yxe”, yye)) € T, R*
Evaluation at ¢+ = 0 gives the map
y*: R% — TR?: ur> (u, yu)

Evidently for this example y,* is the zero vector at u = (0, 0) because all
y € R have a fixed point there.
3.8. An action of a Lie group G on the right of a manifold P is called

(i) transitive if (Vu, ve P)Ige G: R (u) = v;
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(ii) free if the only element of G with a fixed point is e;

(iii) effective if (R, (1) = u, VueP) > g =e.

Example 1. The action of R* on R? in 3.6 is pot transitive, but the
right translation in any G is always transitive because

u,veG=>Bg=u"): Ru)=v

Example 2. Let P = S* x R¥*; then the action induced by right trans-
lation in R* is free, but the aforementioned action of R* on R? is not free
because every element of R* has a fixed point at the origin.

3.9. Given a Lie group G acting on the right of a manifold P, the orbit
of G through u € P is the set

[u] = {R,(u)|g € G}

and we denote by P/G the set of all such [u] for u € P. Evidently P/G gains
a topology by requiring that the projection

p: P—P/G: ur— [u]

be continuous.
We shall denote the connected component of the identity in a Lie group
G by G*. The notation is motivated by the special case

GI(1;R) = R* and R* = GI(1;R)* = {geR|g > 0}

Remark. A detailed study of the geometry of the Lie group of uni-
modular operators on R?, SL(2; R), with many pictures, is given in [16]
as an example of an abstract space with a natural pseudo-Riemannian
structure.

4. FIBRE BUNDLES

The general linear group and its subgroups always have actions on
tangent vectors on a manifold. The tangent vectors collectively form a
manifold, the tangent bundle, so we have a ready-made action on this
manifold. However, at any point in a tangent bundle any element of the
general linear group simply sends the point to another one belonging to the
same tangent space, in a linear fashion. So the orbits of the general linear
group in this action are vector spaces. For wider application we shall be
interested in actions of Lie groups that give rise to orbits that are manifolds
and not necessarily vector spaces. This is the motivation for defining fibre
bundles.

4.1. A principal fibre bundle over a manifold M is a manifold P with
a Lie group G such that

(i) G acts freely on P to the right;
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(i) M = P/G and the canonical projection IIz: P — M is smooth;
(iii) P is locally trivial; that is, every x € M has a neighborhood U such
that I1,<(U) is diffeomorphic to U x G.

We call G the structure group of the bundle; property (ii) ensures that
it is transitive on all fibres 11, (x). We shall refer to the principal fibre bundle
as (P, G, M), or simply as P, when G and M are well defined by the context.

Example 1. The trivial product bundle with P = M x G.

Example 2. The frame bundle or bundle of linear frames over a smooth
manifold M. Here we have

P = LM = {(x, (X}))|x € M; (X;) an ordered basis for T, M}

G = Gl(n; R), where n is the dimension of M. For all x € M any choice of
basis for T,M induces an isomorphism 7,.M ~ R™ which allows GI(n; R)
to act by matrix multiplication on the coordinate vector. Hence the subset
determined by (x, (X)) € LM, that is, the orbit through this element (cf.
3.9), is

[Ge, (X = {(x, (X;eN)|(g) = g € Gl(n; R)}

Now, as g runs through Gi(r; R), so R,(x, (X;)) runs through all bases for
T,.M; therefore we may as well abbreviate [(x, (X;))] to x. This leaves the
required projection map in the form

M. LM — M: (x, (X))~ x

Example 3. We shall later have occasion to use LS*. Here M = §*
and G = R* and so LS* > S* x R*, the trivial product bundle. It has two
components, corresponding to positively oriented bases L*S* ~ S* x R*
and negatively oriented bases L~ S* ~ S! x R~. Quite generally, if M is an
orientable manifold then LM has two components; otherwise LM is connected.
Any parallelizable manifold is orientable (see 2.7).

4.2, Let (P, G, M) be a principal fibre bundle. For all ¥ € g the funda-
mental vector field corresponding to y is y*, as defined in 3.7. We observe
the following properties.

(1) Since the action of G translates each fibre along itself, y,* is tangent
to the fibre at all u € P. Also G acts freely on P so y,* # 0 T, P
unless y = 0 €g. In consequence the map

6 —=> T P:yi>y*

has trivial kernel, and since it is linear, it is an injection for all
u € P (see 4.4).
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(ii) Another formulation of y* is sometimes useful. For all ueP
define a map
oyt G—>P:g—> R,(W)

This induces a bundle map, Do,: TG — TP, which at the identity
e € ( has the restriction

T.G—TP:y—>y,*

where we have used the isomorphism in 3.3 to identify the spaces
7,G and g.
(iii) For all y € g and all u € P with IIx(u) = x,

DIl(y,*) =0e T, M

This is another expression of the tangency of ¥,* to the fibre
containing u, mentioned in (i).

Example 1. Consider the case of a frame bundle LM where G =
Gl(n; R) and g = ¢/(n; R). Then we can display the preceding maps in
components as follows. Let u = (x, b)) e LM.

oy G—LM: (g (X, g.'b;™)
Doy: T.G — T,.LM: (8}, y) — (¥, b/, 0, y,'b;™)
6 = T.LM: (v/) > (v'b;™)
(v/)*: LM ~ TLM: ur> (¥, b, 0, v,'b,")

Example 2. Consider the case of LS* = S! x R*. We have the
following maps, for all y eg/(1, R) and « = (x, b) e LS*.

y*:LS* — TLS': (x, B)+> (x, b, 0, yb)
o, R* — LSt gt (x, gb)
Do,: T\R* > T, LS*: (1, v)r>(x,b,0,vb), atg=1
T,R* ~ R: (1, y) > y

4.3, Let (P, G, M) be a principal fibre bundle, and let F be a manifold
on which G acts on the left. Then the fibre bundle associated to (P, G, M)
with fibre F is a manifold (P x F)/G defined by the following properties:

(i) The right action of G on P x Fis
(P x F) x G—P x F: (, a g) > (Ry(u), L, :(a))
(ii) The projection map is

[,: (P x F)/G— M: Re(u, a) > T1p(u)
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and it is required to be smooth; also every x € M has a neighborhood
U such that 11, (U) is diffeomorphic to U x F.

Example 1. Take F = G and use left translation.

Example 2. The tangent bundle TM to a manifold M can be considered
the bundle associated to the frame bundle LM with fibre R*, when M has
dimension n. The fibre II,~(x) over each x € M can be identified with the
tangent space T,M to M at x. In particular we see this for S! with F =
R! ~ R, G = R*, We have

(LS x R) x R* > LS* x R:(x, b, a, g) > (x, bg, g 'a)

for the right action of R* on LS* x R. Therefore the orbit of R* through
(x,b,a)e LS* x Ris

[(x’ b, a)] = {(xs bg:v g_la)lg € R*}

which we can identify with (x, a) € T,.S* because as g runs through all of
R*, so bg runs through all bases for T,.S*.

Example 3. The tangent bundle is a special case of the tensor bundles
T.*M. For all k, h = 0, 1, ... these again have P = LM, but F is a tensor
product of k copies of R* and A copies of its dual R*. Here G = Gl(n; R)
acts independently on the factors of the tensor product, as for TM on R
and via transposed inverses on R". We conventionally identify T,°M with
M x R, Ty*M with TM, and T,°M with TM*, the cotangent bundle. When
necessary we shall denote the projection maps onto M by II,*. Now we can
formulate a tensor field of type (¥) as a (smooth) section of II,*. That is,
some w: M — T,*M such that I1,* o w = I,. The set of such form a vector
space T,*M for each k, h (see 2.1). Such smooth sections always exist for
T,*M, as witness the zero tensor field of any type. However, the frame
bundle LM need not have any smooth section, as witness the case M = S?
in consequence of the hairy ball theorem. In fact there does not even exist a
continuous section of T'S? that is never zero.

4.4. Let (P, G, M) be a principal fibre bundle. For all u € P the vertical
subspace G, of the tangent space T, P is given by the kernel of DII, as

G, = {X & T,P| DIIy(X) = 0 € TypeyM}
Now we see that the map in 4.2(i) actually induces an isomorphism
§—>Guly>p*
so dim G, = dim G.
Example. For P = LS', G = R* we have for all u = (x, b) ¢ LS*
R&.» = {(x, b, p, @) € Tioe ) LS|(x, p) = 0 € TS}
={(5,0,9) T LS geR} 2 R
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4.5. The canonical one-form of a frame bundle LM is the map
O:TLM —R*: (u, X)—~ I, o DII(u, X)
where for all u = (x, (B))s LM
Ii,: T .M - R*: ¢'B;r—~ (d))

Since all vertical vectors lie in the kernel of DII;, ®(G,) = 0 for all u.
Example. ©:TLS!— R': (x, b, p,q)+—>p/b. Or more generally, with
matrix components,

0: TLM — R*: (', b}, X*, B) > (b))~ Y(XH)

4.6. Universal covering manifold. Homotopic curves. Given a con-
nected manifold M, there is a unique universal covering manifold #. [That
is, a unique universal covering space (see 1.13) with manifold structure.]

It turns out that (M, =, (M), M) is a principal fibre bundle over M with
structure group (M), the first homotopy group of M. |

For the proof see Steenrod [60]), pp. 67-71, where the isomorphism
classes implied by the uniqueness are also elaborated.

Example. Take S™ = {x e R"*?|| x|, = 1} for n > 1. Real projective
n-space, RP™ is the quotient of S™ by the group

G = {Iy, J} whereJ: x> —Xx

It turns out that §» = RP"; the sphere is the universal covering manifold
of projective space.

We do not wish to develop details of the homotopy group here (see
Pontryagin [51], ch. 9). However, in 5.7 we do have occasion to use the
idea of Aomotopy for closed curves. Essentially the curves c¢;, ¢, are homo-
topic if one can be continuously deformed into the other. More precisely,
two closed curves ¢y, ¢,: [a, b] — M with ¢,(a@) = cx(a) = x are homotopic
if there exists a continuous map f: [a, b] x [0, 1] — M such that

fla, t) = f(b, t) = x, for ali ¢ € [0, 1]
J(,0) = e(s),  f(s, D = cofs), for all s € [a, b]

A curve is homotopic to zero if it is homotopic to a constant curve.

5. CONNECTIONS

The earliest formulation of a connection on a manifold was by Weyl
in synthesizing parallel transport of vectors along a curve. This was highly
motivated by applications to space-times in relativity theory where it is
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essential to be able to compare vectors from different tangent spaces. Con-
nections give rise to geodesics, covariant derivatives, and curvature; and
in any particular case there is no escape from calculating their manifesta-
tion in coordinates, the Christoffel symbols. However, it suits our purpose
to adopt a more global characterization to exploit the neat way that con-
nections partition the geometry of principal fibre bundles generated by Lie
groups. Expressions in local coordinates will come soon enough.

5.1. A connection V in a principal fibre bundle (P, G, M) is an assignment
of a subspace H, of T, P for all u € P such that

(i) T,P = H, ® G, smoothly on TP (see 4.4):
(ii) DR,(H,) = Hpy,,, for all g € G (see 5.6, Example 2).

Thus V is a smooth distribution satisfying (i) and (ii). We call H, the hori-
zontal subspace of T, P or at ueP. It turns out that DIl,: TP — TM in-
duces an isomorphism H, & TywM for all ueP. It is common also to
speak of V as a connection on M, where the context determines which
principal fibre bundle V is in.

Example 1. Let P = LS*; then a constant connection in LS! is given
by any A € R if for all u = (x, b) € LS* we put (see [17])

H(x,b) = {(xa b: D, _)‘bp)lp € R}

The vertical subspaces R, , were given in 4.4, so for any (x, b,p,q) €
T, 0yl S* we have the decomposition

(x9 bsp’ q) = (x5 b!p: —’\bp) @ (xa b9 0! q + /\bp)

Evidently this is a smooth decomposition on TLS*. Given any g € R*, the
right action of it on LS* is

R, LS* — LS*: (x, b)) (x, bg)
so its differential is
DR,: TLS* — TLS*: (x, b, p, q)— (x, bg, p, q2)
Therefore, as required, we have
DRg(H(x,w) = Hix,v9

Finally, the differential of the projection II, is

DII,: TLS* — TS*: (x, b, p, ) > (x, p)
which yields the desired isomorphism

H, = TS*: (x, b, p, —Mbp)+—> (x, p)

Example 2. 'We observe that Example 1 is equally valid if S* is re-
placed throughout by R.
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Note also that in both examples, H,, only looks horizontal (in the
standard embedding in R® for LS or in R? for LR) if A = 0. Finally, in the
standard coordinate for either manifold, we have the solitary, constant,
Christoffel symbol I'l; = A

5.2. Let (P, G, M) be a principal fibre bundle with connection V.
Every vector field w: M —> TM has a unique horizontal lift w': P — TP such
that for all ue P

DI (W) = we p(w) and wiw)e H, W

Example. Take the case of a connection in a frame bundle LM. Then
V induces a derivation on vector fields on M. Local coordinates about
x € M induce a basis (8;), for T,M for all y in some neighborhood of x.
Locally a vector field v: M — TM has an expansion v = v*9;. The derivation
induced by V is locally given by

Vo {t'0;) = (WoF + wi'l*,)o,
where
I‘kﬁak = Vaj(ai), fOI‘ all i,j

are fields having components the Christoffel symbols. Now a field LM -
TLM: (x, by~ (x, b, X, B) turns out to be horizontal if and only if in local
coordinates (see 5.6, Example 2)

B} = —bjX'TY,

This says precisely that each member 5,59, of the frame b at x € M satisfies
the differential equation

(X (bjk) - Bik)ak = Vx(bjkak)

where of course the component X in (x, b, X, B) is interpreted as a tangent
vector and hence a derivation at x.
We can write this symbolically in the form

B = X(b) — Vx(b)
Hence given any vector field w e TM with
wiM—TM: x> (x, X)
we obtain the horizontal lift wt e TLM, with
wl: LM — TLM: (x, b) > (x, b, X, X(b) — Vx(b))
This is evidently unique, and since we have
DU,:TLM —TM: (x, b, X, B)—>(x, X)

the required projection property is achieved.
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In particuldr for the constant connection A on S, we find the horizontal
lift

wl: LS — TLS': (x, b)) — (x, b, X, —\bX)

5.3. Horizontal lifts of vector fields have the following properties for
allo, w: M —TM:

@ @+ wt =o' + wl;
(ii) For all smooth f: M — R define f1 = fo IlI,; then /1ot = (f-0)f;
(iii) [v1, w']x = [v, w]' (H denotes horizontal component);
(iv) ForallgeGand all ue P
o) = vM(R())

(v) Every horizontal vector field Ww: P — TP is the horizontal lift of
some w: M —TM. I}
We are particularly interested in the following consequence, on curves.

5.4. Every piecewise-C! curve c: [0, 1) — M has a unique horizontal
lift ct: [0, 1) — P such that the following is true:

() = uo & (c(0))
implies
Myoct=c¢
and the tangent vector field ¢! is the horizontal lift of ¢. Then the map
7 = (c(0)) — Mp(c(2)): uo > ¢l(2)

is a diffeomorphism for all ¢, called parallel transport along c. It commutes
with the action of G. i

Example. Again take the case of a connection V in a frame bundie
LM, developed in 5.2. We denote the restriction of V to a curve by V (see
[16]). Then the required curve c! has tangent vector field ¢1 satisfying

Vé(CT) =0

In local coordinates this becomes
d 0ty MYk, = 0
7 ) + ('Y Ty, =

For a constant connection A = I'';; € R on S, consider the (very!) typical
curve withe e R

[0, )= St t>af, s0é(t) =Vt
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We have
ct: [0, 1) — LS*: t+—> (at, B(2))
with the function b: [0, 1) — R* satisfying

db
P + bAat =0

Taking the initial condition 5(0) = b,, we find
b(t) = boe=ret
It follows that the parallel transport map is
72 I, 7(0) — II = (at): (0, bo) > (at, boe =)

Thus for any « # 0, while ¢ proceeds around the circle S*, its horizontal
lift through (0, b,) spirals up or down the cylinder LS*. In fact the spiral
remains in one component (see 4.1, Example 3) because the function b
cannot take the value zero. Our argument is again equally valid if S? is
replaced throughout by R.

5.5. A connection V in a frame bundle LM determines geodesic curves
c: [0, 1) — M as the solutions of

which in local coordinates becomes
1)
%’Et_ + ¢ T, =0

It turns out that c is a geodesic if and only if it is the projection of an integral
curve of one of the standard horizontal vector fields determined for all
(X" € R* by (see Example, 5.2)

IM —TLMy: (x, b)— (x, b, X, X(b) — Vx(b))
where X has components (X*). |§

5.6. The connection form of a connection V in a principal fibre bundle

(P, G, M) is the smooth map (see 4.2, 5.1)

w: TP -—>¢: Xy @ Xg+—vy, with y,* = X))
It has the following properties:

(i) For all y eg, w(y,*) = 7.
(i) o(X) =0« X = Xy TP.
(iii) For all g € G and all vector fields X: P — TP (see 3.4)

weo DRA(X) = Ad (g~ Dw(X).
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(iv) Connections and connection forms determine one another
uniquely. i
Example 1. Take the case of the constant connection A in LS!. We
know from 5.1, Example 1, that any X = (x, b, p,q) has the unique
decomposition

X=Xg@®Xg=(x,b,p, —Abp) D (x,b,0,q + Abp)
Moreover, from 3.7 and the examples in 4.2 we have
y*(x, b) = (x, 5,0, yb), forallyeR
Hence we require
w(x, b,p,q) =y = (g + Abp)/b

which is well defined because b € R*. The properties (i)-(iv) are easily seen
to hold for y. We elaborate just property (iii).

Let geR* and X:LS*— TLS':(x, by (x, b, p,q). For all ge G,
Ad (g~?) is the identity map on fields on R*

Ad (g7 De(X) = D(L,-1R)u(X) = o(X)
Also
DR, TLS* —TLS*: (x, b, p, 9)+— (x, bg, p, q8)
and by 3.3
a(X): R* — TR*: ar (a, alg + Ap))
Therefore we find that the composite
wo DRY(X): R* - TR*
satisfies, as required,
w o DRy(x, b, p,q) = w(x, bg, p, 48)
= (g2 + Abgp)/bg
= (g + bp)/b = w(x,b,p,9)
Example 2. We further develop Example 1 in 4.2. From 5.2 we find
expressions in local coordinates as follows. Let u = (x!, b)) e LM. Then a

typical tangent vector at u appears as Y = (x, b/, X, B;’) and is partitioned
by a connection with components I'}, into the direct sum

Y= YH @ YG = (xia bji, Xi, _bjkP;Xm) @ (xis bjia 05 -Bji + bikF}CIXl)

Now, in components, w(Y)egl(n; R) is that matrix (y;/) = ¢ such that
(y)* = Yq From Example 1, 4.2, we find that this requires
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(yn'd™) = (Bf + b/Ti X"
Or in matrix form
y=(B + rX)h?
Next we observe that for all (g)) = g€ Gl(n; R)
DR/(Y) = (x', gu'bs", X', —gnb;"T}sX")
@ (', gn'bs", 0, gn' B + gn"b/"TH X")
Therefore w(DR,(Y)) is that (n}}) = :
(1'gn"B;™) = (gn'Bi™ + £n°b;"Tiu X")
Or in matrix form
n = (gB + gbT'X)(gh)™*
= g(B + bT'X)b~tg™*
which by the linearity of the action of g gives, as required,

1 = Ry-10L(y) = Ad (7))
Note that the expression for DR,(Y) demonstrates property 5.1(ii).

5.7. Let (P, G, M) be a principal fibre bundle with connection V. We
use the term curve to mean a piecewise continuocusly differentiable one. The
loop space at any x € M is denoted C(x) and consists of all closed curves
starting and ending at x. There is a natural product on such curves. For
all ¢ € C(x) we have by 5.3 the parallel transport isomorphism

7ot Hpo(x) > Tp(x)

and it commutes with the action of G on the fibre. The set of all such
{r.]c € C(x)}, forms a group ®(x), the holonomy group of V with reference
point x. We can realize ©(x) as a subgroup ®(u) of G for any u € P, as

O(u) = {g € G|R,(u) = 7.(u), 7c € D(x)}

Equivalently, if ~ is the equivalence relation “can be joined by a horizontal
curve” on P,

() = {g€Glu ~ R}
Then for all u € P it follows that
(i) Vg€ G, D(R,(w)) = ad (g~ H)P(w)
(i) u ~ v = D) = O(v)
(iii) ®(u) is a Lie group with identity component ®°(u) where ©°(u) =
{g € D(w)|R,(u) = 7.(u); ¢ is homotopic to zero in C(x)} is called
the restricted holonomy group of V with reference point u. i
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Example 1. Consider LR with constant connection A. From 5.4 we
observe that for all x € R, if c is a closed curve in C(x), then =, is the identity
on II;<(x). Now R* acts freely on the frame bundle LR and so for all
(x,b)eLR

O(x, b) = {g € R*|Ry(w) = u} = {1}
We know that horizontal curves in LR are of the form
cti b (x + at, be=?)
Hence (x, b) ~ (x', b") if and only if for some o = re R
xX—x=r and bjb=e"?

Example 2. Here we see a departure of the geometry of LS* from that
of LR, in the form of a nontrivial holonomy group. Again use the constant
connection A. We take S to be R modulo the integers, Z. We still have trivial
members of C(x), for any x € S, but now we also have those curves which
may make one or more circuits of S?, such as

¢ [0, k] > St~ (x + t) (mod 1), kez

In fact the essential members of ®(x) are in the set {r. |k € Z}, and we know
that these elements commute with all R, because

7ot (%) = I 7(x): (x, b) > (x, be =)
Accordingly the holonomy group with reference point (x, b) is
O(x,b) = {e ™ eR*keZ}

The relation ~ has the same form as in Example 1, but on LS! we have
(x — x) (mod 1) = 0 whenever (x' — x) € Z. Therefore in all fibres II,<(x)
we find

(x, b) ~ (x, be~™¥), keZ

We know from 3.4 that for all g~ e R*, ad (g~?) is the identity map on
R*, and so

ad (g~ H)(x, b) = O(x, b)
Also, as required,
D(R,(x, b)) = @(x, bg) = V(x, b)
The identity component is trivial
D%x, b) = {e~* e R*|k = 0} = {1}
See the example in I1.3.12, which has holonomy group R*,
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5.8. Let (P, G, M) be a principal fibre bundle with connection V. For
all u € P the holonomy bundle through u is the subbundle
Pu) = {vePlu~ v}

with structure group ®(u). Since ~ is an equivalence relation, the holonomy
bundles partition P into nonempty disjoint sets. Moreover, every ge G
maps each horizontal curve into a horizontal curve; we have the isomorphisms
R, P(u) — P(ug), ad (g7Y): O(u) — D(ug)
Example. For Example 2 in 5.7 we find
P(x,b) = {(x + r, be=")|r e R}

and its structure group is Z.

5.9. The Levi-Civita connection of a Riemannian or pseudo-Riemannian
manifold M with metric tensor field g € T,M is the unique connection in
LM such that (i) parallel transport is always an isometry along curves in
M, and (ii) for all vector fields v, w: M — TM (see 5.2)

Vow—-Vo=[v,w] B

The first condition is referred to as compatibility with g, the second is referred
to as the symmetry or torsion-free property of the connection.

Example 1. The constant connection A in LR is the Levi-Civita con-
nection induced by the Riemannian metric tensor field given locally by
£11 = ¢ at x € R, that is,

g TR x T.R— R:((x, y), (x, 2)) > yze?**
However, the constant connection A in LS' does not arise as the Levi-
Civita connection of any Riemannian metric on S,
Example 2. Consider the cylinder, useful in the sequel, given by
N={{),0c eR®¢c(0,2m),0€[0,2n)} ~ (0,27) x S*

where we have identified o = 0 and o = 2. So S* appears as the real
numbers modulo 27. We can supply this with the pseudo-Riemannian
metric tensor field g with coordinates in the above indicated chart given by
the matrix (see [7] and [15])

@) = = cosgp| o ] at@hoen

From the well-known local coordinate form of this theorem, the components
of the induced Levi-Civita connection are given by (see [16])

28l = 0ign — 018 + 0,8
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And so we find at (i, 6) e N

ey =25t - rTasll o

5.10. The bundle of orthonormal frames of a Riemannian or pseudo-
Riemannian manifold (M, g) is the subbundle OM of LM, consisting of
orthonormal frames

OM = {(x, (X)) e LM| |g.(X;, X))| = 8.}
Hence a connection in LM induces a connection in OM. [l

Example. Consider the pseudo-Riemannian cylinder (¥, g) in the
preceding example. The component O* N of positively oriented orthonormal
bases has the structure group mentioned in 3.1, Example 2. We readily

observe that
1 Oy
1 —cosy |0,

is an orthonormal basis for 7, ,N. We can arrange to locate this at x = 0
(see 3.1); then
X € R}

A coshxy sinhy 1 0y
OTN = {(z’b’ i [sinhx cosh X] 1 — cos ¢ |9,
Hence we can think of this bundle as
O*N={{,0,x)e(0,2m) x S' x R}~ N xR
We see that y € R determines at (¢, o) € N a basis (x1’9;, x.’0,), which we
have expressed with respect to the basis (;, 95) induced by the coordinates
(i, o), such that

1o 2 _Coshy
X1m = Xz 1— cosy
. _ g _ sinhy
X2 = X1W — l —“COSI’[I (See [7])

It follows from 5.4 that any curve c: [0, 1]— N has a unique horizontal
lift to O* N. This is given by

et [0, 11— O*N: t— (c(2), x())
where the real function y satisfies

dx _ . sinc?
dt 1 — cos ¢t
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and this equation is implied by
Vo(x'0,) = 0, i=12
or equivalently

%X‘j = '—F{ClékXils iaj’ k= 1, 2

where (the function) y determines the (function) x,/ as before.
We find, for example, that

c: 1> (o, 1), i, = constant
has horizontal lift through x(0) = x, at £ = 0 given by
it (o 1, %o — tag), @ = sin /(1 — cos o)
The corresponding parallel transport is therefore essentially
7o o= (e(0)) = Ty (c(t)): xo > xo — ¢ 1‘%1%;‘%
which is evidently an isometry for g by construction, and in consequence
of the identity
cosh? y — sinh? y = |

5.11. In a Riemannian or pseudo-Riemannian manifold (M, g), for all
xe M and all v e T, M there is a unique geodesic curve ¢ in M such that
¢(0) = x, ¢(0) = v (see 5.5).

The map exp,, is defined on the subset

E, = {ve T ,M|3 geodesic ¢,: [0, 1] = M with ¢,(0) = x, ¢,(0) = v}
by putting
exp,: E, —> M: v (1)

It is always smooth on some neighborhood of 0 e T M. I}

5.12. A connected Riemannian manifold (M, g) is complete (see 2.4)
if and only if it is geodesically complete with respect to the induced Levi-
Civitad connection. By geodesically complete we mean that every geodesic
admits an extension to arbitrarily large parameter values. A connected
complete Riemannian manifold has the following properties:

(i) For all x € M, the map exp,: T,M — M is surjective.
(ii) Any two points can be joined by a minimizing geodesic. [l
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5.13. A connected Riemannian manifold (M, g) is complete if any of
the following conditions hold:

(i) All geodesics starting from any particular point are complete.
(ii) M is compact.
(iii) The group of isometries is transitive on M (see 3.8).
(iv) The orbit of the group of isometries through any particular point
in M contains an open set of M. [Then the open set coincides with
M and we have (iii).] |l

5.14. The curvature of a connection V in a frame bundle LM is the map
on pairs of vector fields defined by

R:YM x YIM —L(Y*M; Y*M): (v, W)r> Ry v
Ry YIM — YIM: 21> Vy(Vy2) ~ Vi (Vy2) — Vw2

It follows that we can consider the curvature as a tensor field of type (),
so Re Y;'M. If V is the Levi-Civitd connection of some g € Y, M, then we
call R the Riemann tensor. The curvature has a variety of well-known geo-
metrical attributes, and Riemann tensors in particular possess a range of
symmetry properties. We shall recall these as necessary in the sequel (see
[16] for a detailed account).

The Ricci tensor is the unique (up to sign) contraction of the Riemann
tensor to a symmetric member of Y,M. In the theory of relativity it is used
to link the physical energy—-momentum tensor to the geometry of space-
time (see Part III). We fix the choice of signs by indicating local components:

Riemann components: Ry; = é,I't;, — o, + T, I'n — T T'h

Ricci components: R;; = Ry,

Scalar curvature: g¥R;;



Part II. Connection Geometry from Frame Bundles

We have seen how a connection in a frame bundle LM decomposes the
tangent spaces into a direct sum. The horizontal component spans “direc-
tions in the manifold M and the vertical component spans “directions in
the fibre,” that is, in G/(n; R). We recalled that a Riemannian or pseudo-
Riemannian metric tensor field on M always determines the Levi-Civita
connection in LM. In a space-time manifold M we have, implicitly deter-
mined from the disposition of matter, a Lorentz metric tensor field and
hence a connection. Also, when it is convenient, we can work on a space-
time with a subbundle of LM, namely the bundle OM of orthonormal
frames with structure group the Lorentz group. Sometimes, to reduce the
dimensions still further, we can deal with submanifolds and their bundles
to gain useful information about the whole space-time.

In order not to confuse the geometry that arises from a connection with
the geometry that requires a metric tensor field on the underlying manifold,
we avoid specializing to space-times where appropriate. Thus we consider
a manifold M with a connection V. This V induces a Riemannian metric
on the frame bundle LM in such a way as to make horizontal and vertical
subspaces orthogonal. Here we are interested in the consequent geometry
of LM and the Cauchy completion of its connected components. The pre-
cise definition of a space-time is given in Part III, where we consider the
geometry induced by its Levi-Civitd connection.

1. SCHMIDT’S BUNDLE METRIC

We suppose that M is a smooth n-manifold with a connection V in LM.
The ideas originate in Schmidt [55], though Hawking [34] has suggested an
earlier origin in Ehresmann [22]. However, Schmidt was unaware of any
influence of this work of Ehresmann on his construction.

L.1. Existence. We denote the standard inner product on R™ for any
m by -, and we recall the canonical one-form ® from 4.5 of Part I and the
connection form w from 5.6 of Part I. Then the Riemannian metric defined
by Schmidt on LM is denoted by ( , > where
o > TLM x TLM — R: (X, V)= 0(X)-0(Y) + w(X) (YY)

Symmetry and bilinearity follow from that of - and the linearity of ®
and . Positive definiteness follows from that for - because for all X e T, LM

421
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[X[2=<X,X>=0=>60(x) =0eR* and «(X)=0eR"
= XeG, and XeH, (by 1.4.4, 5.6)
>=X=0H

Example. Take M = S! with the constant connection A. From 1.4.5,
5.6 for all (x, b, p, q), (x, b, r, 8) € Ty ,,LS*

{(x, b, p, @), (x, b, 1, 5)> = (pr[b®) + (g + Abp)(s + Abr)/b®
ICe, b, p, I = (p/6)* + (g + Aop)/b)*  (see [17])
We find the length with respect to this norm of two curves in L*S™.

Case 1. c:t+ (x,, t), for fixed x, € S* and ¢ € [1, ¢,]. This is a vertical
curve with tangent vector

é1) = (%0, 1,0, 1);  [e@)] = 1/t
Hence the length is (for ¢, > 1)

) " )] dt = log 1

Since this tends to infinity as t,, — oo, we see that all the fibres Il (x;) <
L*S? are infinite for x, € S

Case 2. c:t—>(—tmodl,e®), for te|0,1t,]. Again this begins at
basis 1, but by 1.5.5 this curve is horizontal, and for ¢, > 1 it necessarily
meets all fibres. We find the tangent vector

(@) = (—tmod 1, ¥, —1, AeM)
0
lé@] = e

Hence the length is (for ¢,, > 0)

["ear| = - ey

0

Plainly this tends to 1/|A] as ¢, — o0. So we have an example of a curve of
finite length in L*S? whose projection covers S* infinitely many times.

1.2. Uniqueness We prove the claim of Schmidt that if - is replaced
by different inner products on R*, R**, then the ensuing metric structure
for L' M is uniformly equivalent to that given by { , >. (See 1.2.4, 1.11.)

Proof. Consider the widest generalization of { , >. It will be of the
form

s DX, V) 0(X) *0(Y) + o(X) ® o(Y)
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where *, @ are inner products given by
#: R* x R"-> R: ((a)), (b)) +—> g,,a'b’
®: R™ x R™ — R: (), (") — Gu'v’

for some matrices of fixed numbers (g,), (G,)).

Let d and d’ be the topological metrics (see 1.2.4) induced by ( , >,
€ , » respectively on each connected component L'M. We must prove
that for all w, ve L'M

@) (Vey > 0)38; > 0):d(u, v) < 8, = d'(u, v) < €
(i) (Vez > 0)HS8; > 0): d'(w, v) < 85 = d(u, v) < e,
From 1.2.4 it is sufficient to consider the norms || | and || |, induced
by {, > and ¢ , ), respectively, on an arbitrary tangent space T,L'M.
Suppose X € T,L'M and ©(X) = (A" € R", o(X) = (v') € R™®. Then we have
1X 14 = gl + Gip'o!
”X”2 = sijhihj + 3,-:,-1)’1)"
We know that any two norms on a finite-dimensional vector space are
uniformly equivalent. Hence there exist my, my, M;, and M,, all positive,
such that for all (#*) € R™ and all () € R™
my Syt < giyhth < myd, hW
M6 < Gl < ML8,0%
Let m, = min {m;, M.}, M, = max {m,, M,}; then
mo X2 < | X < Mo| X[* M

1.3. Uniform Action of G/(n; R). For all ge G*, the identity com-
ponent of Gi(n; R), the right action R, is uniformly continuous on the
metric space L' M.

Proof. Previous results allow us to give a brief, complete proof that
differs somewhat from that outlined by Schmidt [55]. First we observe that
by 1.2.4 the metric topology coincides with the manifold topology, so the
proposition is well formed.

It is necessary to prove (see 1.1.9) for all ge G* and all w,vel’'M
that

(Ve > 0)(38 > 0): d(u, v) < 8 = d(R,(w), R(v)) < &
From 1.2.4 it is sufficient to show for all Ye 7,L’M and all u € L' M that
(Ve > 0)38 > 0):|Y| < 8= |DR(Y)| <=
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We follow example 2 in 1.5.6 and write ¥ locally in matrix components as
Y = (x,b, X, B),so DR(Y) = (x, gb, X, gB). From 1.4.5 and 1.5.6

O(Y) = b-1X, O(DR,(Y)) = (gh)~*X = b-ig-1X
w(Y) = (B + bTX)b1
w(DR(Y)) = g(B + bTX)b-g*

This reduces the problem to the following geometrical result (see [16],
pp. 132fF.).

Lemma. Suppose f€ Gl(n; R). Then there exists r > 0 such that for
all Xe R"

IS0 < rl X1

Proof. Since f is linear, it is sufficient to work with unit vectors X.
The unit ball is compact and fis continuous, so fis bounded as required. |l

Returning to our main proof, we find
[Y)2 = 167X o + (B + BT X)b~*]o?
IDR(Y)[? = [b-7g~X o + |g(B + bTX)b-2g~1]¢?

We apply the lemma twice, with f = b~! and f = b~1g~1, to obtain

16-g=2 X < r|b X |o?
Now we use the lemma with /e GI(rn?; R) given by

fR® >R Wi>gWg™!
Hence we find

|g(B + BT X)b~g~1* < s|[(B + BT X)b ]2
We put these together with m = max {r, s} and deduce that
IDRAY)[* < m| Y|?

from which the uniform continuity of R, follows. i

Corollary: Uniform Extension to Completion. From 1.1.10 every R, has
a uniformly continuous extension R, to the Cauchy completion (L’ M, d)
in which the metric space (L' M, d) is dense (see 1.2.4).

The extension d is also well defined and unique by the uniqueness (see
I.1.4) of limits in a metric space, which is of course always Hausdorff. For
similar reasons R, is uniquely determined because for all u, € L' M there is
a unique limit,

lim R, inL'M

u—ug, ue L'M
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From I.1.10 we recall that R, agrees with R, on L'M. |l
Example. From the example in 1.1 we see that for any ge R*
I, b, 2, DI = (p/b®) + (g + Abp)?/b*
IDRy(x, b, p, DI? = |(x, gb, p, gD)|* = (p/b®)/g* + (¢ + Abp)*/b?
The geometry of LR and LS with the metric tensor field < , ) induced
by a constant connection A € R has been described by Dodson and Sulley [17].

It turns out that for A £ 0 the essential part of LR is uniformly equivalent
to

{(w, v) e R2[ o] > 1/}

with the standard metric, under the map
@i LR — R?: (x, b) > (Ax + log [b], (1/b + sgn (B))/[A])

Horizontal curves appear in ¢(LR) as the lines # = constant, and the fibre
1, -(x) is the curve given by

b= (1 + 9|
For any g € R* the right-action appears in ¢(LR) as

@o Ry~ (u, )~ (u + log |g], (v/g) + sgn (v)(sgn (g) — 1/g)/IA])

The length of the horizontal curve through x = 0, b = b, is 1/|Ab|. Evi-
dently, Cauchy sequences in @(LR) with limits on the lines v = *1/[}|
establish the latter as the boundaries of the two components of LR. The
extension of R, to LR is then given by the action on (u, +1/[A]):

poRyop7 % (u, £1/]AD > (u + log |g], tsgn (g)/[A])

We can use ¢ to define a uniform equivalence of the essential part of
LS with the cylinder obtained by identifying points (u, v) and (u + Ak, v},
k 7. Here the boundaries of L*S! and L~ S! appear as the circles v =
+1/]A]. Plainly this action of R, and its extension also applies to LS* by
taking u modulo A. For L*R and L*S* the boundary is itself an orbit of
the identity component R* of R*.

1.4. The b-boundary. Our preceding result and corollary show that the
identity component G* of Gl(n; R) acts on the right (see 1.3.6) of each
manifold L'M. Hence from 1.3.9 the topological space M = L'M/G* is
well defined, with

N;: L'M — M: ur—{R(u)|ge G*}
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continuous, and coincident with II;. on L'M. Thus we have IIp.(L'M) = M
and we define the b-boundary of M, with the given connection, to be M =
M\M. From the previous results of this section M may be nonempty; if
so, then it is essentially unique. JJj

We shall call M the bundle-completion of M, with given connection.

Example 1. For R with constant connection A we have from Example
1.3

LR ~ {(u, v) e R2Jv > 1/|A]}

The orbits of g € R* appear as the exponential curves with

o= (1 + =9

One curve corresponds to each fibre II <(x). For each x € R such a curve
approaches the boundary v = 1/|}A| only as u— +oc0. Also an open set
consisting of such curves and containing the boundary v = 1/|{A| must include
all curves for x in an interval (— oo, @) for some ¢ < R. Hence R = L*R/R*
is homeomorphic to a half-closed interval.

Example 2. For S* with constant connection A we find
L*S*~ {(u,v) e S* x Rl = 1/[A]}

The orbits of geR* appear as exponential spirals on this half-closed
cylinder, and again the d-boundary consists of just one point. However,
unlike the case in Example 1, any neighborhood of v = 1/[A| in L*S?
intersects every fibre. So the only neighborhood of the b-boundary point
of S* is S'. Hence S* is at most a T,-space and therefore not Hausdorff
(see 1.1.1). We can see that, in u-v coordinates with the standard metric on
the cylinder

ni—>(Ag, (e=™ + 1)/|A])

is a Cauchy sequence in the isomorph of L*S?*. But it is less obviously
Cauchy in the original x-b coordinates (see 111.2.7)

n— (a, M)

1.5. Conformal and Projective Boundaries. For Minkowski space-time
Penrose [50] devised a conformal boundary and Eardley and Sachs [20]
devised a projective boundary. Schmidt [57] showed that any conformal or
projective structure on any manifold M defines a natural boundary, and in
the case of Minkowski space it coincides with the earlier boundaries.

Definition 1. Two metric tensor fields g, g’ are conformally related if
for some real function o, g’ = €?’g. This is an equivalence relation and the
class [g] of a given g is called a conformal structure.
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Definition 2. Two symmetric linear connections V, V are projectively
related if every V-geodesic is a V-geodesic. This is an equivalence relation,
and the class [V] of a given V is called a projective structure.

Proposition (Schmidt [57]). A conformal structure [g] on M determines
a conformal boundary .M, and similarly a projective structure determines a
projective boundary.

Outline of Construction. For all a € [g] let O be the structure group of
the orthonormal bundle OM,. Then there is a subbundle of LM

[OM,] = {(x, (X)z) € OMaIa e [g]}

with structure group 0 x R and projection II,: [OM,] — M.

Every a  [g] vields a Levi-Civita connection V, and a corresponding
horizontal subspace. Thus at each point u € [OM,] the conformal structure
[g] determines a family [H,] of horizontal subspaces of T,[OM,]. The mem-
bers of this family are related by the differentials of the conformal factors,
via their connections. It turns out that the corresponding n-tuplets of stan-
dard horizontal vector fields (see 1.5.5) are mapped among themselves,
essentially by the addition group R™

From these observations Schmidt finds a subset P of the frame bundle
L{OM,], with structure group R" and projection Ilp: P— [OM,.]. He is
able to show that P is a principal fibre bundle (see 1.4.1) over M with projec-
tion Il o II, and structure group K obtained from derivatives of elements
of the conformal group O x R*.

Now every ae[g] determines via V, a curvature tensor R, which
uniquely decomposes into a sum

Ry=Ca+ S,

where C, is the conformal tensor and S, depends only on the Ricci tensor,
with C, = C, for all b € [g]. Moreover we can always find a real function
o such that for given x € M, a € [g]

ea =b in [g]

with o(x), do(x), and Sy(x) all null. Now this b defines a unique connection
and its associated n-tuplet of standard horizontal vector fields on LM.
The map

DII,: TP — T[OM,]

allows us to lift such fields to become vector fields on P.

Finally, the structure group K acts uniformly continuously on P with
respect to the topological metric available from the parallelization (see
1.2.7) by horizontal vector fields. Hence there is admitted a unique extension
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of the action of X to the Cauchy completion P. We then define M, = P/K
and o.M = M \M.

The construction of the projective boundary follows similar lines
because a projective relation between standard horizontal vector fields is
of similar type to a conformal relation. [Jj

2. THE METRIC TOPOLOGY OF L'M

As a metric space, L' M is necessarily normal (see 1.1.7) and therefore
Hausdorff. By construction L' M is connected, locally connected, and arcwise
connected. It also satisfies the second axiom of countability: the metric
topology on L'M has a countable base. Here we shall collect some further
consequences of our choice of metric. We shall make occasional use here
and subsequently of the survey article on fibre bundles by Eells [21]. At the
same time, two standard texts are invaluable reference works: Pontryagin
[51] and Steenrod [60].

2.1. G* acts transitively on fibres.

Proof. First, G* acts freely on L'M by construction as a principal
fibre bundle and transitively on L' M because L'M consists of ordered bases
(see 1.3.8, 4.1). Now suppose that x € 8M so II;(X) =€ L'M\L'M. Hence
we may suppose that there exists some u, € I15;(X). Then from 1.4

I5(X) = {Ruo)lg € G}
If u, v € ITE (%) then we have for some g, he G*
R(uo) = u, Ry(ug) = v
Therefore u = R,R,_,(v). Il

2.2. Ii;, is an open map.

Proof (see Eells [21]). Suppose U is open in L'M; we show that
(V) is open in M. Any g e G* is a homeomorphism, so U = R,_,R(U)
is open and hence R (U) is open.

From 1.4, II;(U) is open if and only if I3 (I1;(U)) is open in L'M.
We show that

Nz (U)) = U {R(V)|g e G*}
This is a union of open sets and therefore open.
Suppose a € R(U); then a = R,(b) for some b € U. Hence

HMp(a) = Hp®) so  aeclp(li (V)
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Conversely, suppose g € I (I1;.(U)). Then iI L,(a_) = Ip(b) for some be U.
But from 2.1, G* acts transitively on fibres so R, (b) = a for some ge G~.
Hence ae R(U). B

2.3. Completeness of Fibres with the Induced Metric. Suppose that (v,)
is a Cauchy sequence in a fibre over x € M, in the induced metric, with limit
ve L'M. Then v € II5(x).

Proof. By construction L' M is complete, so v € I15:(y) for some y € M.
Suppose y # x. Distinct fibres are disjoint, so for some r > 0, denoting the
extension of the metric to L'M by d, we see that

A (x),v) = r

Then the open ball S(, r/2) contains v but does not meet IT17.(x). Hence
(v,) does not meet this ball. That contradicts its convergence to v, so

x=y W
Corollary. By the transitivity of G* on fibres,

(VneN)3g.€eG*): R, (v,) = v
Hence, by the continuity of each R

In?
lim g, = e, the identity in G* i}
A stronger aspect of the completeness of fibres over M is in the next

result. Note that here we are measuring distances by taking infima over
curves in the fibre for the Cauchy condition, in contrast to the situation in 3.5.

2.4. Fibres in L'M are homogeneous spaces. Every fibre I1;(x) is a
complete Riemannian submanifold.

Proof. The metric tensor field { , > restricts to I17.(x), which is there-
fore a Riemannian submanifold of L'M. Let u e L'M. Now if Y e T,II;(x)

then Y is vertical, and so by Definition 1.1 || Y| = ||(«wY)ljo, in the notation
of 1.2. It follows from the proof in 1.3 that the set of maps
{DR,lge G}

gives rise to a group of isometries on T,II[(x). Since G* acts transitively
on such fibres, by 2.1, the fibres are homogeneous. It is known that homo-
geneous Riemannian manifolds are complete; see, for example, Kobayashi
and Nomizu [41], p. 176 (cf. 1.5.13). I

Example. Consider L*.S! with the constant connection A. Then a typical
tangent vector to the fibre over (x,5)e L*S' is Y = (x, b, 0, q). From our
previous results we have for any ge R*, DR(Y) = (x, bg, 0, gg) and so

1Yl = lal/b, | DRAY)| = lggl/bg = | Y|
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For any x € S* the fibre ITj: (x) is complete, with infinite length, in the
induced metric (see 1.1). However, IIf:(x) is incomplete and finite when
considered with the full metric which (see 3.5) allows points to be linked by
horizontal curves that may leave I, (x).

2.5. Completion of Bundles to Which the Connection is Reducible.
Friedrich [25] showed that the bh-boundary can be constructed on every
closed subbundle of LM to which a Levi-Civitd connection V is reducible.
Hence the construction respects product structures. Also connection-
preserving mappings between space-times admit continuous extensions to
their completions. Therefore the group of affine transformations (preserving
connections) and the group of isometries of a space-time act as topological
transformation groups on its completion.

Definition 1. Let H be a closed Lie subgroup of G/(r; R) with natural
injection j: H — Gl(n; R). A principal fibre bundle HM over M with struc-
ture group H and projection Il is called an H-structure on M if there exists
a bundle morphism

u: HM — LM
such that II; = Il; cu and for all he H, ve HM
uo Ry(v) = Ry o u(v)

Such a map u is an imbedding and can be considered as a natural injection
on the closed submanifold HM < LM.

HM -2 HM

LM . LM
Definition 2. If under the conditions of Definition 1 there exist connec-

tions V on LM and V' on HM such that their connection forms satisfy (see
1.5.6)

woDu =o'

then the connection V is said to be reducible to HM. In this case we can of
course use o’ to construct the Schmidt metric on HM and so obtain a
Cauchy completion HM and b—H-boundary oM by

My = HM/H = MU o,M
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Now we can give a precise statement of Friedrich’s result.

Theorem. Let H be a closed Lie subgroup of GI(4; R). If HM is an
H-structure on M to which a given Levi-Civitd connection is
reducible, then the completion My = M U 8,M is homeomorphic to
M= MuvuaM.
Outline of Proof. (Full details are given in [25].) With the notation of
Definition 2, u exists, is uniformly continuous, and so admits a uniformly
continuous extension

a: HM —LM
The required homeomorphism is provided by
[iMyg—>M:x+—>Tzodog(x) I

We may expect the result to generalize to closed subgroups of Gl(x; R).
In the other direction Friedrich pointed out a special case for a space-time
manifold (M, g), where g is a Lorentz type metric (see Part III).

Corollary 1. If (M, g) is a simply connected space-time, then the
completion My constructed on the holonomy bundle is
homeomorphic to M.

Proof. Since M is simply connected, the holonomy group H is con-
nected. Schmidt [54] has shown (cf. [25]) that the connected Lie subgroups
of the Lorentz group are closed in GI(4; R). i}

We offer another proof of this corollary in IIL.2.8.

Corollary 2. If (M, g) is a space-time, then the completion M,
constructed on the orthonormal frame bundle is homeomorphic to
MR
Completion via the orthonormal frame bundle is so much more con-
venient for space-times that in Part III we shall abbreviate M, to M and
JoM to oM. The same is of course true for Riemannian manifolds, and the
important result for those is given in 3.7.

3. THE QUOTIENT TOPOLOGY OF M

For each connected component L'M and its Cauchy completion I'M
we have induced essentially the same quotient topology for M = L'M/G*.
In fact M has a semimetric topology contained in the quotient topology.
By construction M is connected, locally connected, and arcwise connected.
It is second countable but need not be locally compact nor more than T.
If M is a Riemannian manifold, then the bundle completion M via the Levi-
Civitd connection coincides with the direct Cauchy completion; this in
particular persuades us of the mathematical significance of the b-boundary.
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3.1, The Semimetric Structure p. There is a semimetric p for M with
p(x, y) = inf {d(a, b)|a € TI(xF), b e ()}

and the p-topology is contained in the quotient topology.

Proof. Plainly p is a semimetric. It determines a topology from the
open balls of radius r, center x € M, given by

S(x,r) = {yeMp(x,y) < r}
The quotient topology is the family of sets
{U < M|TI;(U) is open in L' M}
We show that the quotient topology contains the p-topology by proving that
Iz is continuous in the p-topology. Without loss of generality, consider an
arbitrary x € M and an open set 4, of the form
Ay = {Tl(b) e M|d(b, TI5:(x)) < &}
={yeM|p(y,x) < €, forsomee >0

We find an open ball B(g, r) around any ae I15(4,) with d(a, I15(x))

Sini:'e § < e we can find a suitable r > 0 with » < € — s. Therefore
a€B(a,r) ={cel’'M|d(c,a) < r} < II£.(4,)
because
dc, I(x)) < d(c,a) + da, Iz(x) <r+s<e W

3.2. If L' M is complete and p is a metric, then M is complete.

Proof (see Eells [21], p. 63). Suppose that L'M is complete, and let
(x,) be a Cauchy sequence in M = L'M/G*. Using a subsequence if neces-
sary, we suppose that

P(Xns Xns1) < (1/2)" *
Choose any b, € lI:(x;) and b, € I15:(x;) such that d(b,, b;) < 1/2. This is
possible because by (*) we know that
d(IT(xy), HE(xr) < 1/2

Choose bg € II7(x3) such that d(b,, bs) < (1/2)? and so on. The sequence
(b,) so formed is Cauchy in L'M and so by hypothesis has a limit there, b,
which is unique.

Define x,, = I (b.) € M. Then we have
P(Xn, X)) = p(H(Bn), (b)) < d(by; boo)
Hence (x,) converges to x. il
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We know from 1.3 that G* is not an isometry group for L' M, though
it does yield isometries on the individual fibres by 2.4. An isometric action
would have caused the semimetric topology to coincide with the quotient
topology (see Eells [21], p. 62). However, the action of G* is uniform, and
thus it may be possible to exploit the isometric action on vertically separated
points, in studies of bunches of fibres over appropriately “small” sets in M,

3.3. M is not T, if the orbits of G* are not closed in L' M.
Proof. We prove the contrapositive form. Suppose M is Ty. For all

xeM, {x} is closed, so M\{x} is open in the quotient topology. Thus
5 (M\{x}) is open in L' M. Hence L' M\TI(M:\{x}) = I;:{x} is closed. |l

It is known (see 1.1.3) that if M is T; in the semimetric p-topology then
M is T, and p is a metric. However, our previous result does not preclude
the existence of sets in A open in the quotient topology but not open in the
p-topology.

From II1.2.8 (for space-time M) we also obtain a homeomorph of M
if we use the quotient by the holonomy group of the completed holonomy
bundle. Hence the current and subsequent results concerning M have similar
statements for that situation; see the example in 3.4.

3.4. M is T, <> graph G* is closed. M is Hausdorff if and only if graph
G*isclosedin L'M x L'M.

Proof (see Kelley [39], p. 98; Eells [21], p. 61). The method is interest-
ing. Note first that graph G* is the equivalence relation

A = {(u, Rw)lue'M,gec G*}
and that M = I’M/A. Also, the graph of I
D = {(x, x)|]xe M}
is an equivalence relation with /D ~ M and
A=y x Ip)-D

(i) Suppose M is Hausdorff. If (a, b)¢ A, then there exist disjoint
neighborhoods U of TI;(a) and ¥ of I (b) open in M. (We use the quotient
topology of course.) II5(U), I;(V) are therefore open in L' M. Moreover,
no point of one lies on a fibre that meets the other: they are not A-related.
Hence [I7(U) x Iz (V) is an open neighborhood of (g, b), disjoint from A.
So the complement of A is open and A is closed.

(ii) Suppose A is closed and IIy.(a) # I1(b) € M. Then (a, b) ¢ A. But
A is closed so there are open neighborhoods U, V of a, b respectively with
no point of U in a fibre meeting V: they are not A-related. Hence Il (U)
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and II;(V) are disjoint and open neighborhoods of IIyp(a) and II;(b)
because by 2.2 Il is an open map. i}
Corollary. If M is Hausdorff, then Dis closedin M x M. Conversely,

since the identity relation gives rise to an open projection
M — M|D ~ M, if D is closed then M is Hausdorff. |l

Example. The holonomy bundle through (co, ,) € LYR with constant
connection A %2 0 has a completion that by 1.5.7 and I1.2.5 is uniformly
equivalent to (see Example I11.2.8 for details)

{(Axo + log b, v)|v > 1/[A]}

The structure group @ is trivial, so we have M ~ (—oo0, 1/|A|]. Furthermore,
if A is closed, then ®(4) = A is closed, so graph @ is closed: we expect M
to be Hausdorff. Clearly this is the case for (—oo, 1/[A[].

By taking (Ax, + log bo) mod A, we find the completion of the holonomy
bundle through (x,, by) € L*S! with constant connection A # 0. In this
case, however, the holonomy group @ is the integers (see 1.5.7) and therefore
nontrivial. The orbit of ® is an exponentially distributed copy of the integers
which is not closed and so by 3.2 S is not expected to be T;. Consider the
solitary b-boundary point Q (see Example 111.2.8). Let 4 be an open set in
the quotient topology for S, with Q € 4. We shall see that 4 must contain
all of S* because the fibres in L*S*(x,, by) over A must contain a family
homeomorphic to

{[((Axs + log by) mod A, v)]je > v = 1/|A]}

for some real « > 1/|A|. But log (v|A] — 1) ~> —c0; so as we have observed
before, all fibres over §* will be met by the inverse image of 4. (See 1.4
and [16].) We have seen that each holonomy bundle here appears as a
vertical line v € [1/]A[, ) on the cylinder S* x [1/[A|, ) in the standard
metric. A typical closed set in this line is therefore [1/|A|, «] for some
o > 1/|}]. Its image by the integer group @ is

O[1/]A], o] = | [1/A], ee™ + (1 — ¥)/|A]]

keZ

= [l/l’\,> 00)

which is not closed.

3.5. Incomplete Fibres in the Full Metric. Suppose that () is a Cauchy
sequence in L'M without limit there and such that II;.(x,) is contained in a
compact subset of M. Then we have the following:

(i) Some x, € M: I1.(x,) is incomplete in the full metric.
(ii) M is at most T,
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Proof. (Schmidt [55] established this result; we amplify his proof.)

(i) By compactness in M there exists an infinite subsequence (i) with
I, (u;) convergent to some x in M. Now if (u;) eventually lies in IT5¢x),
then by 2.3 it has a limit there if we measure distances along curves wholly
in this fibre. Here, however, we use the full metric. Suppose that II;(x) is
complete in this metric. Then it is closed in L'M, and (u,) has a limit in
IT7(x) if it eventually lies in this fibre. By hypothesis this is not so, and hence
we may suppose that for some Ne N

d(u,, Iz(x)) > 0 forn> N
We can find v, € [I(x) such that forn > N
d(un, v) = d(up, I15(x))

Now, lim I .(u;) = x = d(u,, v,) — 0 as n~—>co. Therefore, (u;), (v,) are
in the same equivalence class of the Cauchy completion; (z,) is Cauchy
because as n, kK~ o0

A, v3) < d(Vg, un) + d(utn, wi) + d(uii, v) —0
It follows that
lim (v,) = lim (u;) e L M\L'M
so II7(x) is not complete because I1,.(lim (u;)) = x.
(ii) From (i), II7(x) contains a Cauchy sequence (v,) without limit

there. Suppose lim (v,) = v € L’M\L' M. Then for all neighborhoods U of v
we have

Unllp(x) # @
because v lies in the boundary of I15:(x). So if V is open in M with II;.(v) € V,
then also x € V so # is at most 7. |l

Example. Consider L*S* with constant connection A # 0. Evidently
S is compact and contains the projection of the Cauchy sequence

0): N—=L*S*: nr> ((x, — n) mod 1, &™)
That this is Cauchy is clear because it lies on the finite (horizontal) curve

in Case 2, Example 1.1, and so

%
a0 < |[ e dt[ = [e=™ — e=M|/|A]

We know that the essential part (see 1.3 and [17]) of L*S?! is uniformly
equivalent to

W = {(u,v)|ue St v > 1/[A]}
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with the standard metric. There our Cauchy sequence appears as
nr>(Axo mod A, (1 + e=*)/|A]
which has limit
(Axo mod A, 1/]A]) e W\W

Now as we see from its definition, (v,) does lie wholly in the fibre IT;(x,)
for any x,€S", so every fibre of L*S* is incomplete in the full metric.
Schmidt [55] gave an example of incomplete fibres arising from a two-
dimensional Lorentz manifold.

3.6. M is geodesically complete if L'\ is complete.

Proof (see Schmidt [55]). Suppose that (L'M, <, >) is a complete
Riemannian manifold. Then every Cauchy sequence is convergent in L'M,
in particular so are those on horizontal curves (see 111.2.7). In consequence
any horizontal curve of finite length has endpoints in L' M.

From 1.5.5 a curve in M is a geodesic if and only if it is the projection
of an integral curve of one of the standard horizontal vector fields. By
hypothesis these are complete, so geodesics in M can be extended to infinite
parameter values. i

The converse is false. Geroch [29] gave an example of a space-time
manifold that was geodesically complete but contained an inextensible
timelike curve of bounded acceleration.

3.7. If (M, g) is a Riemannian manifold then its Cauchy completion is
homeomorphic to its bundle completion with the Levi—Civita connection.

Proof (see Schmidt [55]). We work with the bundle O*M of ortho-
normal frames (cf. 2.5) and the distance function d, induced on it by in-
clusion in the Riemannian manifold (L* M, { , >). We also have a distance
function d; on M by 1.2.4. It is sufficient to show that for all x, ye M

do(I15+(x), M5+(y)) = di(x, y)

Suppose ¢ is a curve in M with horizontal lift ¢! to O*M. Then we have
(see 1.2)

le®lle = [¢'®] = 19 )0

because © effectively expresses ¢ with respect to an orthonormal basis, and
in such components || |, appears as the standard norm on R". Thus ¢! has
the same length as c. If ¢* is a nonhorizontal curve in O+ M, that also projects
onto ¢, then its length will be greater because the connection-form-term
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lw(é*())]o is not then zero. The metrical equivalence of ¢ and ¢! is inde-
pendent of the choice of orthonormal frame through which the lift is made.
The fibres are equidistant throughout their extent, and the result follows. i

As pointed out by Schmidt, the coincidence of M with the Cauchy
completion when it is available does encourage the view that it is the natural
choice for general manifolds with connection. Certainly this seems to be true
for pseudo-Riemannian cases, for it is a recent result of Stredder [59] that the
metric tensor field determines the Levi—Civitd connection merely by requiring
that it constitute no additional structure, in the sense that it is natural with
respect to restrictions. For the present we use 3.7 in establishing the following
proposition and corollary.

3.8. M need not be locally compact.

Proof (Schmidt [55]). Let R? have its standard metric structure, and
define the subset

A = {(x, sin 1/x)|x # 0} U {0, )| [y| < 1}
This A is closed, so M = R* 4 is a Riemannian manifold; we denote by

M~ the connected component of (0, —2)e M. By 3.7 we can effect the
Cauchy completion and find the b-boundary

oM~ = {(x, sin 1/x)|x # 0} L {(0, - 1)}

Therefore M~ = M~ U dM~ is not locally compact because (0, —1) has
no compact neighborhood. i

Corollary (Hawking and Ellis [35, p. 283]). Whereas the origin
(0, 0) is in the topological boundary M~ of M~, there is no curve
in M~ with endpoint there and so the origin is not in the 5-boundary
(see L1.12). R

Consider the Riemannian submanifold

M = RA{0, ||y <1}

For each (0, y) with 0 < y < 1 there are two points in the b-boundary 2M.
Note that the manifold distance structure induced by the standard Rieman-
nian metric on R? differs from the usual topological metric, since it involves
an infimum over curves in M. Hence the distance of (1/n, 0) from (~ 1/n, 0)
tends to 2, for the minimizing geodesic must pass through (0, 1) or (0, —1).
In contrast, the Fuclidean distance between these points is 2/n, which tends
to zero.

3.9, b-incompleteness of curves in M. A curve c in M is said to have
flnite bundle length if it has a horizontal lift ¢! of finite length in L'M. This
attribute is independent of the choice of point in II7(c) through which the
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lift is effected, for we have the property 1.5.1(ii) of connections that assures
us that the action of G* maps horizontal curves among themselves, and
transitivity guarantees that the process is surjective; uniform continuity as
displayed in 1.3 preserves the finiteness. (See [35], p. 259.)

A curve ¢:[0,1) — M is called b-incomplete if it has finite bundle
length and admits no continuous extension in M to domain [0, 1]. Evidently,
the definition extends trivially to any (piecewise-C*) reparameterization of
the curve. From 1.4 it is clear that the b-boundary consists precisely of the
endpoints in M of b-incomplete curves in M. We call M b-complete if
M = @, otherwise M is b-incomplete.

We have seen in 3.5 that a nonconvergent Cauchy sequence in L'M
whose projection is trapped in a compact set of M implies incomplete fibres
and consequential loss of separation facilities in M. Here we give a formula-
tion in terms of b-incomplete curves, due to Hawking and Ellis.

3.10. Imprisoned b-incompleteness. A point x € M is not Hausdorff
separated in M from a point y € oM if there is a b-incomplete curve ¢ in M
which has x as a limit point and y as an endpoint in M.

Proof (Hawking and Ellis [35], p. 289). For the given curve c there is
a horizontal lift ¢! with an endpoint & which by hypothesis is such that

bellz(y) c IM\L'M

Let ¥ be an open set, containing y, in M. Then I17.(V) is open in L' M; since
it contains b, it also contains c'(¢) for all ¢ greater than some ¢,. But then
all points c(¢) for t > t, must lie in V. Hence ¥ meets every neighborhood
of x because x is a limit point of ¢. |

We see that this type of boundary point generated by imprisoned
b-incompleteness is qualitatively different from the situation of supplying
points that previously were omitted when M was part of a larger (Hausdorff)
manifold. Hawking and Ellis have pointed out that in Taub-NUT space-
time (see [35], pp. 289, 170-178) there exist b-incomplete null geodesics
totally imprisoned in compact sets.

3.11. A b-boundary contains the topological boundary. Let U be an open
submanifold of M such that its closure U¢ is compact in M. Then U < oU.

Proof. Since U is a submanifold, L'U, L'U, and oU are well defined.
We may as well suppose U # &. For all xe U = U¢\int (U), we have x ¢ U
by the openness of U (see 1.1.12). For the same reason we can find a curve
¢: [0, 1) — U with endpoint x.

Choose any b, € 11}:(c(0)), and through it construct the unique horizontal
lift ¢!. The latter curve possesses an endpoint

biellf(x) € L'U
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by compactness. Hence for all large enough z € N, c! eventually lies in the
open ball

Sy, 1/n) c L'U

Therefore, we can connect b, to some point on ¢! in L'U by a minimizing
geodesic of finite length. The projection of this geodesic is a b-incomplete
curve in U, and since its endpoint is x we have x € 2U. Therefore U < oU. |}

Schmidt [56] has shown that every point in a space-time manifold
(see Part III for definition) has an open neighborhood U such that U = aU.
This property, called local b-completeness, is a nontrivial consequence of
the fact that every point in a space-time has a normal coordinate neighborhood
in which no geodesic is imprisoned (see [41], p. 149; [35], p. 34).

3.12. M is b-complete if L'M is complete.

Proof. Suppose that ¢: [0, 1) — M is a b-incomplete curve. Let ¢! be
its horizontal lift through some b, € I1;:(c(0)). Now c! has finite length in
L'M, but by continuity of II;. it has no endpoint there. Hence it contains a
nonconvergent Cauchy sequence. Thus if M is not b-complete, then L'M
is not complete. i

Example. Hawking and Ellis ([35], p. 278) proved that if M is a
space-time, then a converse is also true (see II.1.1): a space-time M is
b-complete if and only if O* M is complete. This converse to 3.12 depends
on the aforementioned local b-completeness that is enjoyed by space-times
by virtue of their Lorentz metric. Schmidt [56] pointed out that on R? there
is a connection with respect to which no point is locally #-complete, namely,
that V which in the standard chart has components at (x*, x%) € R? given by

I} = x2, 2, = —Xx1, otherwise I, = 0
The required property was established by the following geometrical argument,
clearly of considerable power.

(i) R? is simply connected, so by 1.5.7 for all ue L*R® we have
D) = O%u).

(i) V is analytic on the frame bundle and thus, by Kobayashi and
Nomizu [41], p. 153, ®°(u) is determined by the successive covariant differen-
tials of the curvature tensor (see 1.5.14): R, VR, V2R, ..., at Il .(u).

(iii) At the origin in R? we find VR = 0, and there the only nonvanishing
components of R are

R%m = R§12 =1
Hence the action of ®(«) on tangent vectors at II,.(#) is given by

{R,: vi—>e®v|e e R}
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(iv) We can choose a closed curve through the origin on which the
parallel transport corresponds to R, with e* < 1. Then for successive cir-
cuits of this curve the horizontal lift has monotonically decreasing tangent
vector. Hence for infinitely many circuits the bundle length is finite and we
have a b-incomplete curve. The process is applicable at all points. Moreover,
arbitrarily small neighborhoods can contain b-incomplete curves, implying
contributions to their b-boundary that have no counterpart in their topological
boundary.

By way of illustration here, we shall calculate the holonomy group at
the origin and display the b-incompleteness. Consider the following closed
curve ¢, consisting of four parts ¢;, ¢, ¢3, and c,, all with domain [0, €]
for some € > 0.

c:t—~(1,0) é(t) =(1,0)
Coi t (g, 2); &) =(,1) €

czit>(e — L, €); é(t) = (—1,0) |
cy:t—>(0,¢ — 1); é(t) = (0, —-1)

c:

Y o A

Thus, the image of c¢ is a square of side ¢, with first corner ¢,(0) = (0, 0) and
lying in the upper right-hand quadrant of R2 Evidently it is closed and
homotopic to zero. Let (49, + Bd,, C8; + Dd,) be a basis for Ty o,R?;
we find ¢, the horizontal lift of ¢ through this point in L*R2,

The required curve is given by (see 1.5.4)

ettt (e(t), x/(1)2;)

where the matrix of functions y;: [0, €] — R satisfies

. P ; 4 B
W= Tt and 0 = |2 7]

We deduce the following solutions for the four parts.

et (cl(t), 21’ g])
A B et
el t> (cz(t), C DZ“})
[Aest  Be<®
et t> (ca(t) Ceet Deez])

el {ed), e‘z[ D
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Hence the corresponding element of ® & R* is &%, for each € > 0. (The
inverse element corresponds to a curve with the same image as ¢ but having
a clockwise sense of direction around the square instead of counterclockwise.)

The bundle length of ¢ is the length of c¢f, which is the sum of the
lengths of the four parts (see 1.2)

z [eswy a - z [ 1.ty

where (Q,7) = (x,/)~ 1. Plainly this length is finite; we denote it by L,,.

Now consider the curve ¢, which is the countably infinite composition
of ¢ with itself, corresponding to an unending series of circuits round the
image of ¢. From the preceding comments and the definition of the bundle
metric in 1.1, it is easy to see that the bundle lengths of successive circuits
decrease with constant factor e~¢* = r, say. It follows that the bundle
length of ¢, is

o
Z Ly*
k=0

which exists and is finite for 0 < < 1, by the property of geometric series.
Thus ¢, is a b-incomplete curve, in R? with the given connection. Finally
for any neighborhood of the origin in R? we can choose ¢ > 0 so that ¢
lies in this neighborhood. Likewise for other points in R% We note that,
rather like the situation in Example 2, 1.4, the horizontal lift of ¢, is an
exponential spiral up the frame bundle, albeit on a square base here.

3.13. Projection of Finite Incomplete Curves. The projection of a finite
incomplete curve in L' M is a curve of finite bundle length.

Proof. We suppose that L' M is incomplete and that there exists some
{piecewise-C, as usual) curve

c*: [0, )—~L'M
which admits no continuous extension to domain [0, 1] and which has

finite length. We shall take the horizontal projection of ¢* and show that
it is the horizontal lift with finite length of the projection

yoc*=c:[0,)>M

The property 1.5.1(1) of connections gives us a smooth decomposition
of the tangent vector to the curve c*, as

¢*(t) = (1) @ ¢&)

Therefore we have a piecewise-continuous horizontal vector field ¢% along
c*. By the fundamental theorem for ordinary differential equations the field
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¢ has a unique piecewise-C?! integral curve ¢y with é; = é% and ¢4(0) =
¢*(0). By our construction it is clear that ¢, has the same projection, ¢, as
c*,

Opecg=Ipcc*=1¢:10,1)>M
Now every horizontal vector field on L’ M is the horizontal lift of some vector

field on M [see 1.5.3(v)]. Also, from the isomorphism property in 1.5.1 we
have

DI (¢*(2)) = DI (cE(1)) = DI (¢u(?)) = ¢(2)

which by 1.5.4 ensures that ¢y is precisely ¢!, the unique horizontal lift of
¢ through ¢*(0), perhaps with some constant sections included, where c*
was vertical.

The bundle length of ¢ is (see 1.1, 1.2.4)

[ 1ewia = [ o) a

which cannot exceed the given finiteness of

1
[ el ar
0
because
[e*@)]? = [O(c*ENlo® + [ @)
= [0(E®)]o® + |w(cE®))]o
=[O + l|lw(cEE)o®
Thus ¢, the projection of the finite incomplete curve ¢*, has finite bundle
length. Il
To strengthen our result to a full converse of 3.12 we seem to need more
structure than a mere connection. For example, Hawking and Ellis [35]
have shown that in a space-time a projected curve of finite bundle length
has no endpoint and is therefore b-incomplete. Their proof of the result
corresponding to 3.13 differs from ours (see III.1.1). The sufficiency of a
space-time in providing the extra structure required by Hawking and Ellis
is implied by a lemma of Schmidt [56]. We can see what is needed by the
following argument.

We try to contradict the supposition that ¢, in the proof of 3.13, has an
endpoint x in M. Thus there is a continuous extension of ¢

é:[0,11— M, withé(l) =x
such that for all neighborhoods N of x there exists #y € [0, 1) with
é@)eN fort > ty
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We know that II;;(N) is open in L'M and that it contains ¢!(¢) for ¢ > ¢,.
If they exist in L' M, the limits

lim c’(f) and lim c*(z)
=1 t—1

must lie in I17(x), which is contained in 11;.(N), The Lorentz metric struc-
ture on a space-time allows us eventually to trap ¢! and c* in a compact
subset of II7.(V) and so guarantee the existence of the limits to contradict
the condition that c* is without endpoint. This derives from Schmidt’s proof
[54] that the connected Lie subgroups of the Lorentz group are closed in
Gl(4; R). See Friedrich [25] for comments and applications to the case
of simply connected manifolds for which the holonomy group is connected
(cf. 2.5).



Part III. Geometrical Singularities in Space-Time

This section is designed to be complementary to chapter 8 in Hawking
and Ellis [35], which thoroughly states the position in 1972 (see also Sachs
and Wu [53)).

‘We suppose that space—time is a connected four-dimensional, Hausdorff
oriented maximally extended smooth manifold M with a Lorentz metric
tensor field g. It follows that (M, g) is paracompact and hence regular and
normal. The further physical requirements of local causality, local conserva-
tion, and Einstein’s field equation (see 1.3) are developed in [35], chapter 3,
and in [16], chapters 11 and 12 with more pictures and motivation. We
further suppose that (M, g) is time-orientable (see [35], p. 181; 2.1). There
are then good reasons (see [35], p. 182) for believing that (M, g) is also
space orientable. In that case, simple connectedness is a sufficient condition
for the existence of a global spinor field by Lee [46] and hence a parallelization
(see 1.2.7) by Geroch [27] (see 3.8, 4.3).

The geometry of space—time reflects physics by the curvature tensor R,
so we certainly want it to be continuous (or perhaps just locally bounded,
C°7). Then Clarke [12] showed that every point has a neighborhood about
which g can be expressed as C? (or C27) functions of some coordinates.
For a discussion of the classification of curvature tensors via critical point
theory and relations to the standard Petrov scheme, see Thorpe [61, 62].

The reasonable local properties that necessarily come with a Hausdorff
topology and a Lorentz structure enabled Geroch [27] to establish para-
compactness for space-times (see also [35}; 4.3). This deserves some com-
ment, for by 1.2.6 our space-time will therefore admit a Riemannian metric
and so be metrizable (see [35], p. 38, for an explicit construction). However,
there are many choices for this metric and only rarely might some be dis-
tinguished. Thus a Cauchy completion based on a metric induced by the
paracompactness of the space-time is unlikely to be of physical significance
in supplying substitutes for “singular points.” On the other hand, Schmidt’s
metric derives from the connection whose curvature is controlled by the
disposition of matter; so the physical relevance is assured, and it is reinforced
by the essential uniqueness of the s-completion. Hence we see a strong case
to proceed with the following definition.

By a singularity in M we mean a point in the b~-boundary oM, induced
by the Levi-Civita connection of g (see 1.5.9, 11.1.4). If M is bundle complete
(see 11.3.9), then it is geodesically complete (see 1.5.13) but not conversely,

45
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by the example of Geroch [29]. The four pioneering singularity theorems of
Penrose and Hawking give sufficient conditions for timelike or null geodesic
incompleteness. Either would imply b-incompleteness and probably also
points of unboundedly large curvature (see 1.3 for a statement of one of the
theorems and 4.2 for Clarke’s [10] result on the growth of curvature near a
singularity.)

We know from II.1 that oM is calculated from L’ M by the factorization
L’'M|/G* where G* is the identity component of GI(4; R). However, for
our space-time (M, g) we can work with O*M, the positively oriented
component of the closed subbundle of orthonormal frames OM where
(see 11.2.5)

OM = {(x, (X)) e LM|g.(X;, X)) = g}

and (g;,) is the diagonal matrix (—1, 1,1, 1) that fixes the signature of g,
in agreement with [35]. The structure group for OM is the Lorentz group,
which we shall denote by O(1, 3) and which consists of all nonsingular 4 x 4
real matrices (@) such that (see Example 2, 1.3.1)

k I
a4 By = 8

This is a six-dimensional Lie subgroup of GI/(4; R). We shall find it convenient
to abbreviate O(1, 3) to O and denote its identity component by O+. Then
the b-boundary is given, up to homeomorphism (see 11.2.5, Corollary 2), by

oM = 0*M|0*\M

This is well defined because we take the restriction to O*M of Schmidt’s
metric { , > for L* M (see 11.1). We shall denote the induced topological
metric (see 1.2.4) on O* M and O* M by d and d, respectively. The canonical
projections are denoted Il,+ and II5+, respectively.

1. SUMMARY OF RESULTS IN HAWKING AND ELLIS [35]

The results on b-completeness available in 1972 were given by Hawking
and Ellis [35], pp. 276-298, so we comment on them only briefly here. The
most important is 1.1, which we mentioned in the examples of 11.3.12. The
others consider the character of singularities and analyze the situation of
imprisoned b-incompleteness, which we met in I1.3.10.

1.1. (M, g) is b-complete if and only if (O* M, d) is complete. A proof
is given in [35], pp. 278-282. The sufficiency of the completeness of (I'M, d)
holds for any manifold with connection (see 11.3.12). The necessity (for
O*M) depends on the existence of normal neighborhoods, of all points of
(M, g), wherein geodesics are not imprisoned (see 11.3.11). The proof of this
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necessity is in two parts: Given a curve ¢* in O+ M of finite length but without
endpoint there, then Ily+ o ¢* = ¢, which is necessarily a curve in M, is such
that

(i) c has finite bundle length: f el < oo.

(ii) ¢ has no endpoint in M.

In [35] the proof of (i) depends on the fact that any matrix (a/) € O(1, 3)
can be decomposed as a product

coshy 0 O sinhy
A 0 10 0 [B
l —_
@) [ 1 1] 0 01 o0 1]
sinhy O O coshy

where 4 and B are 3 x 3 orthogonal matrices. This is also used in the proof
of (ii), together with the compactness of the orthogonal group, following
Schmidt [56]. We did of course prove a more general version of (i) in I11.3.13,
but there we wielded a fundamental theorem for the purpose.

1.2. The Character of the Singularities. The Penrose and Hawking
singularity theorems show that a space-time (with physically reasonable
properties) is geodesically incomplete if the metric g is of class C2. However,
b-incompleteness is well defined even if g is only of class C'~, [By C"~ is
meant that in local coordinates the rth partial derivatives of the components
of g exist but satisfy only the Lipshitz condition, in the standard norm
for coordinates,] Hawking and Ellis were able to show (see [35], pp. 284~
289) that sufficient force persists in the theorems for a C2~ metric to preserve
their results. See also Clarke {10] and 2.9.

Hence the singularities are likely to be points of unboundedly large
curvature (unboundedly large tidal forces in physical terms) rather than mere
discontinuities of curvature. Moreover, the evidence was fairly convincing
that average values of curvature taken over any compact neighborhood of
such a singular point would also be unbounded. Our firm belief in local
causality and conservation leaves the implication that Einstein’s field equation
breaks down, together with the rest of normal physics, in the vicinity of these
singularities.

Proposition (Hawking and Ellis [35], p. 290). Suppose that x e M
is a limit point of a b-incomplete curve ¢ (a case of imprisoned
incompleteness; see I1.3.10) and that at x (see 1.3)

RUKin ?é 0

for all nonspacelike vectors K. Then it follows that in some basis
parallel propagated along ¢, some component of the curvature
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tensor becomes unbounded; so x is a p.p. curvature singularity
(see [35], p. 260; 4.2). W
This situation actually occurs in Taub-NUT space because it is devoid of
matter. It led Hawking and Ellis to characterize such unrealistic behavior
in the following way.

1.3. b-Boundedness of Space-Times. The idea here (see [35], p. 292) is
to define a topology on a set of curves with a view to distinguishing those that
display imprisoned b-incompleteness (see 11.3.10). The method is to construct
a covering space (see I.1.13 and 1.4.6).

We define

B*M = {(c,, v)|[ve L* M; c,is a C* curve in M, with no endpoint except
c,(0) = M+()}
and we suppose that each curve c, is parameterized by bundle length with

respect to the horizontal lift ¢! of ¢, through v. For all open sets U < M
and V < L* M we define

UxV = {(c,, v) € B*M|c, intersects U and v € V}

Such sets form (a subbasis for) our topology for B* M.
We have a map analogous to that in 1.5.11

Exp: B*M >> M: (c,, v)— c,(1)

with domain contained in B*M (see 1.2). Plainly, if M is b-complete, Exp
will have domain B* M it is in any case continuous.
Hawking and Ellis defined M to be b-bounded if (see 1.1.12)

W compact in B* M = (Exp W)¢ compact in M
This provides the desired separation of cases for the following reasons:

(i) If M is b-complete, then M is b-bounded, by the continuity of Exp
on the whole of B* M.

(ii) Taub-NUT space-time (see [35], pp. 170-178, 289-292) is b-bounded

but not b-complete.

Example. Support for our geometrical intuition can be found by con-
trasting the situations for R and S! with constant connection A # 0. We
know that both of these are b-incomplete; we show that R is not b-bounded
but S* is b-bounded. (See I1.1.4 for the b-boundaries.)

A family of elements in B*R is generated by taking m € R and (c,, b)
such that

(x,b) e L*R, Cpit—>Xx + mt
Clearly this whole family is contained in a compact set W < B*R induced
by taking

X € X < X, by <b < by
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But then (Exp W)° = R, which is not compact.
The corresponding situation for S* has a family

(cy, B): (x, b) e L+ S, Cpot t—> (x + mt) mod 1

This family is certainly typical; it covers S* with every member curve. But
now the Exp image of the compact set corresponding to W has compact
closure.

‘We return to a space-time M to state the theorem of Hawking and Ellis
[35], p. 292.

Theorem. A space-time M is not b-bounded if the following
conditions hold:

@) R, KK’ z 0, for every nonspacelike vector X.

(i) There exists a compact spacelike three-surface S, without
edge.

(iii) The unit normals to § are everywhere converging (or
everywhere diverging) on S.

{iv) The energy-momentum tensor T is nonzero somewhere
on S.

(v) T,K'K’ > 0 and TYK; is zero or nonspacelike for every
nonspacelike vector K, with T;,K'K? = 0 only if TVK; = 0.

Remark. Einstein’s field equation is of course implicit in the physics
of this result, linking the Ricci tensor to the energy-momentum tensor in
coordinate form by (see 1.5.14)

8nT,; = Ry; — ¥Rgy,, R is the scalar curvature

However, the proof does not use this equation. It uses only the inequality
(i), which amounts more or less to the requirement that gravity is attractive,
a feature that any competing theory must share with general relativity (see
also the proposition in 1.2).

The first three conditions are sufficient to establish that M is not timelike
geodesically complete and hence not b-complete (see [35], p. 272). We note
that local causality is not used in this theorem; violations of causality are
insufficient to prevent the singularities.

Condition (iv) defeats the Taub-NUT space-time: it has T = 0 every-
where.

2. DEVELOPMENTS IN OTHER BUNDLES

We have defined the b-boundary via the frame bundle (see II.1.1), and
we have seen how the metric structure for space-time (M, g) yields the same
b-boundary through the bundle of orthonormal frames. Now we follow
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Sachs [52] in another homeomorphic formulation via a subbundle of the
tangent bundle. There are two points to observe here. First, Sachs makes
explicit use of the time-orientability that we have assumed for space-time.
Second, in his bundle metric Sachs actually incorporates g itself; this is a
stronger role than that of merely determining the Levi-Civitd connection
and may be more significant physically. Duncan and Shepley [19] have shown
that the homeomorphism found by Sachs with the b-boundary can be
simplified by modifying the classes of Cauchy sequences that determine it
from the tangent bundle. The modification is in fact a hybrid scheme, using
the Sachs metric to ascertain the Cauchy property and the Schmidt metric to
compare limits, for sequences of unit timelike vectors. The main result of
this section is again due to Schmidt: holonomy bundles generate the same
b-boundary as frame bundles.

Hajitek and Schmidt [32] had previously shown how to extend the
completion of the frame bundle to yield a completion of any associated
bundle. Thus they obtain completions of all tensor bundles 7,*M and in
particular of the tangent bundle. Moreover, they revealed the structure of
the fibres of these bundles over boundary points in M. In general these fibres
do not have the vector space structure that is enjoyed by fibres over points
of M. So though a limit of any tensor field can be found on &M, it will only
be a multilinear function on nondegenerate fibres.

2.1. The Unit Future Subbundle U*M < TM. The time-orientable
property of (M, g) provides a continuous partition of nonspacelike tangent
vectors into two classes: future directed and past directed. (See Hawking and
Ellis [35], ch. 6, devoted to causal structure for space-time.) The unit future
bundle of (M, g) is the subbundle

U*M = {(x, X) € TM| X is unit timelike and future directed}

with projection IT,: U* M — M, a surjection induced by the inclusion map
UM< TM.

Recall that YM is the space of all (T'M-valued) smooth fields on M
(see 1.21; Example 3, 1.4.3). We shall denote by YU*M the space of all
TM-valued smooth fields on U* M. It is known (Bishop and Goldberg [5])
that YU* M is spanned by the restrictions

{wo Ily|lwe YM}

Use of this fact allows us to arrive at the same result as Sachs [52] but in a
manner more consistent with our previous development.
The Levi-Civita connection V induced by g gives a map (see 1.5.2, 5.9)
forall xe M
V:T.M x YM—T.M: (a, w)— V,w
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We can form a corresponding map
V¥ TxUM x YU M - T, M: (4, wo Il y) — Vpg,aw
for all Xe U*M with II(X) = xe M. In fact V* is a connection over 11,
in the terms of Bishop and Goldberg [5], p. 223. Thus 4 e TR UM is
vertical* < DIly;4 = 0
horizontal* < Vpp 4 = 0

where we have regarded the inclusion map :: U*M < TM as an element
of YU*M.

Example. Consider the pseudo-Riemannian cylinder (&, g) of Example
2 in 1.5.9 (see Bosshard {7], Dodson [15]).

N = {(, o) e R2|h € (0, 27), o € [0, 27) ~ S}

g = —oosyp| o1 O] athoen

U*N = {($,0,7,5)eTN|r = Vs> + (1 — cos )2, s R}

Here we have arbitrarily assigned “future directed” to “increasing # co-
ordinate.” We summarize the aforementioned maps, for x = (¢, o) and
X =(,o,r,s)eU"N. Let Ac T U*N be abbreviated to (X, x, a); so X
is the component “along N> and a is the component “up T¥,” at X€U*N.
We find the following:

DlyA = (x,x)e TN
(X)) = (x, (52 + (1 — cos¢)"D)Y2, s) e T, N
Vongat = Vxt € TeN = x*(0,F + T })9;
when x = x*@, and V0, = I')49, in a chart about x (see the example in

1.5.2). Note that DI 4 need not be timelike, though by definition «(X) must
be. We shall see that Vo, 4 is always orthogonal to «.

2.2. The Sachs metric for U*M. There is a unique Riemannian metric
g on U* M such that for all 4 € TxU*M and II,(X) = x, it agrees with the
quadratic form given by

8x(4, A) = g(DIlyA, DIIyA) + 2g(DIy4, (X)))*

+ 8:{(Vomyats Vomyat)

Proof. We assume bilinearity; then the expansion of §x(4+ B, A+ B)
yields gx(4, B) for all A, Be TxU*M. Hence we have a bilinear form &,
evidently smooth by the smoothness of the maps we are using,sog € Y,U* M.
It remains to prove positive definiteness.
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Since «(X) is always unit timelike, we can choose an orthonormal frame
(b1, b, bs, by) for T,M with «(X) = b,. Then for some real a' we have
DIl A4 = d'b;, and the first two terms in the expression for §; give

(@ + @2+ @+ @+ 2(-a>0

with equality if and only if a'b, = 0. Hence the first two terms are positive
definite, taken together.

Next we prove that Vpy, 4 is a field always orthogonal to the field ..
But the Lorentz property of g guarantees positive definiteness on the orthog-
onal complement of a timelike vector field, so the desired result follows
for g.

We use the compatibility of the Levi-Civitd connection V with g in
the form [16]

x(g(, ) = ng(ch, Vx

In our case x = DIIy4, some derivation on smooth real functions about x
(see 1.2.1). However, the real function g(i, ¢) is constant because ¢ is a unit
timelike field, so as required

2:(Vonyat =0 A
The elements of this proof can be found in the article of Sachs [52],
with some difficulty.
Example. We display this orthogonality for the pseudo-Riemannian

cylinder (¥, g) of the previous example. The identity chart gives a basis
(94, 2,), for the tangent space TN at each x = (¥, o) € N. We take

X=(0(xWs2+ ({0 —cosgp)2)s)e U*N, DIIyA = x',

and obtain the following expressions
UX) = Vs? + (1 — cos)~20, + 50,

( —x!sin (1 — cos )2
Vis? + (1 — cos )2

VDIIUA‘ =

sin i

+ (1 — cos )

(x*Vs2+ (1 —cosgp)~2 + x2s))81

sin ¢
+ ((1_—€6s—¢) (x's + x2Vs% + (1 — cos ¢)—2))a2
Application of g, gives the required result.

2.3. The projection II,y: O*M — U* M is uniformly continuous. We
suppose that (O*M, d) is the metric space cbtained via Schmidt’s metric



Space—-Time Edge Geometry 453

(see 11.2.5 and the introduction to this part) and that (U* M, d,) is the metric
space available (via 1.2.4) from the Riemannian manifold (U * M, 8) of Sachs.
1t is sufficient to establish uniform continuity (see 1.1.9) if we show (see
I.1.3)forall b O*M and all Ye T,0% M that

(Ve > 038> 0):|Y| < 8= |DlopY|s < ¢
Here || | is the Schmidt norm and || [, is the Sachs norm induced by §
on tangent vectors to U* M.

Proof. The maps I,y and DI, are well defined and have the fol-
lowing local expressions using a chart about x € M giving rise to local basis
fields (2)):

Moy: Ot M — U*M: (x, b0} — (x, b,'8))

DHOU: T0*M — TU+M: (x, bjiai, Xl, ‘Bji) —> (x, bliai, Xl, Bli)

Take the arbitrary ¥ = (x, b/, X', Bj) e T,0* M, the ¢; in the second
location can now be dropped. From Example 2, 1.5.6, we know how Y
splits into horizontal and vertical components, ¥ = Y4 @ Y. Then, as in
11.3.13, we exploit the properties of ® and w to give

1712 = 10(¥w)lo® + |e(Ya)lo®
where (I1.1.2) || |, is the standard norm on R™ for any m. It follows that

1712 = G~ XD o + [(B) + Tl X)(BH ™o

4 4
= > Er+ > *)
1-1 i,i=1

where (o) and (/%) are the components of X0, and B;'¢; with respect to the
orthonormal frame (5,'9;).

We know, by Definition 1.4.4, that DIl,y Y, = 0, so it is only necessary
to calculate | DIloy Yyl 4.

Dily o DHOU(YH) = (X, Xl)
«b) = (x, by
Vonopmoprat = (%, X'0b,' — ByY)
[ Doy Y|a? = g, X' X7 + 2(g,;X°b)?
+ &(X'0,b,' — By, X'0,b," — ByY)

4 4
= > @2+ > @) (**)
=1 i=1
This is to be compared with (*). We see that

|1 Doy Y|a? < [ Y]
and the result follows. |
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Corollary 1. We know that the metric space (O* M, d) is dense in
its Cauchy completion (O* M, d) (see 1.2.4). Also, the Cauchy com-
pletion (U*M, d,) is well defined for the Riemannian manifold
(U* M, 8). Hence, by 1.1.10 there exists a (unique by 1.1.5) uniformly
continuous extension of Il given by

Ilgy: O*M — U+M, H6U|O+M =1,y W

We have yet to prove that Il is surjective.
Corollary 2 Forallu,ve O*M

dy(Ioy(u), Moy(v) < d(w,v) M

2.4. The extension II5;: O+ M — U* M is surjective.

Proof. Suppose not; then there exists a Cauchy sequence (y,) in
U* M with limit y such that

ye U M\ll;y(0* M)

Moreover, Il5; is continuous by Corollary 1 in 2.3, so it preserves the
limits of convergent sequences. Hence if (u,) is a sequence in O* M, with
Hou(u,) = y, for all n, then (u,) is not Cauchy. For if it were, then it would
converge in O* M and its limit would necessarily project to y, contrary to
hypothesis. This is the contradiction that we find: we lift (»,) to a Cauchy
sequence in O* M.

The Cauchy property of (y,) implies the existence of a family of curves
{¢,: [0, 1)’> U*M|ve N} and a real sequence (¢,) < [0, 1) convergent to 1
such that

(@ (W, neN) c)(t,) = ya

@ii) (Ve > 0)(@N,. e N):

lim = d\(Vn Vo) < &, forn,k > N,

jt “ e dt

We seek a family of curves {c}: [0, 1) > O*M|ve N}, such that I, ;o c¥ =
¢y and Dllyy o € = ¢, for all ,. The forms of Iy, and DII,, were given
in 2.3, So we readily find from

e,(t) = (x(t), bi(t))
é(t) = (x(t), bi(e), (1)bi(t), B:H()Bi(2))
a suitable candidate c¥ with

EHD) = (x(®), ()., H(0)Bi(2), (85,
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by choosing 8,1(t) = B,'(¢) if j = 1 and B/(¢) = 0 if j # 1. With this choice
we have for all ve N and all 1€ [0, 1)
leFDN? = JeuD)]|a?

It follows that the curves ¢ and ¢, have the same length for all v e N.
In consequence, there exists the limit

[ 160 d| = 4w

ty

lim
=

This allows the construction of the required Cauchy sequence (u,) in O*M
by defining

u, = lim c¥(z,)

V= w0

which exists by virtue of the completeness (11.2.3) of each fibre I15+ (I ;(y,)).
The Cauchy property follows for (u,) from that for (y,) because for all
nkeN

d(un, ulc) = dA(ym yk) -

Corollary 1. For all ue O*M and all be U*M there exists
ve sy (b) such that

d(u, v) = d\(Igy(u), b)

Proof. Thisis simply an extension of our construction in the foregoing
result to the boundary. It obtains by the compactness of the orthogonal
group and the transitivity of the action of O+ on the fibres of O+ M (see 1.1,
11.25. R

Corollary 2. For all be U*M and all u, vellsy—(b) we have
M) = Hs(v)eM = O+ M/O~.

Proof. We lift a Cauchy sequence defining b to Cauchy sequences (u,)
and (v,) defining u and v. Again, transitivity of O* yields a sequence (4,)
in 0* mapping one into the other:

Ry, (un) = vy, forallne N

By compactness there will exist some limit point 2 O*; then R, links u
and v in the same fibre of O* M. i

2.5. The Sachs Homeomorphism 3/ = O*M/0* ~ U*M/~. What we
have been preparing for is the partition of U* M by some suitable equivalence
relation = so that the space of classes U* M/~ is topologically equivalent
to M. Plainly, we must have

y =z lg(y) = Ils(2)
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where, using Corollary 2, we define the projection Iy as
Op: U*M — M: b— Hg(I1 55+ (b))

Necessary as this is, it is rather untidy mathematics actually to define
2 by this requirement. For it involves the simuitaneous use of the Sachs
metric and the Schmidt metric on their respective spaces. In fact Sachs [52]
was able to formulate =, and therefore Ily, wholly in terms of his space
(UM, §).

Definition (Sachs [52]). For all y, ze U* M we write y & z if and only
if there exist Cauchy sequences (y,) and (z,) in U+ M such that

() lim,., y, = y and lim, » z, = z;

(ii) My(y,) = My(z,) for all ne N;

(iii) there exists a uniform lower bound 4 € (— o0, — 1) such that for all

ne N (see 2.1)

g("(yn)s "(Zn)) >4
Proposition. Forall y,ze Ut M,
y & z < lg(y) = Nglz)

Also, ~ is an equivalence relation and so the space U* M/~ is
homeomorphic to M.
Proof (see Sachs [52]). (a) Suppose that IIg(y) = IIy(z). Then there
exist Cauchy sequences (u,), (v,) in O*M such that
lim u, = ue Hsp(p)

n—+ 0

lim v, = vellzp=(2)

n=> ©

lim R,(u,) = v, for some he O+

n=» 0
Now construct a sequence (y,) by alternating terms from IIy(u,) and
oy o R, Xv,) and, similarly, a sequence (z,) by alternating terms from
oy o Ry(u,) and Iloy(v,). These are convergent to y and z respectively.
Moreover, since 4 is fixed for all » € N the required uniform bound obtains.
Therefore y ~ z.

(b) Suppose that y ~ z. Then there exist sequences (y,) and (z,) in
U*M with a common projection and convergent to y and z respectively.
By Corollary 1 in 2.4 we can lift (y,) and (z,) to Cauchy sequences (u,,) and
(v,) in O* M. We obtain a sequence (k,) € O* by defining

Ry (uy) = v,, forallneN
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By hypothesis, there is a uniform lower bound on the expression g(«(y,), «(z,)
so (h,) has a cluster point # € O*. Then

lim R,(u,) = lim v,
n-—x n— o

and so Ilz(y) = Hp(2).

(c) It remains to observe that property (iii) of = is transitive, though
it is not obviously so. We recall that a relation is an equivalence relation if
and only if it partitions the set into disjoint nonempty subsets. That is pre-
cisely what IIy does, and the fibres it determines are just the classes of .
So, as required, U* M/~ is homeomorphic to M. i

2.6. Completion of Bundies Associated with LM. We are particularly
interested for space-time in the associated bundles (LM x F)/G, where F
is R* or a tensor product constructed therefrom (see 1.4.3 and Examples
2, 3). These are the tensor bundles 7,*M. Among the sections of them we
find the Riemann tensor, the energy-momentum tensor, and the Lorentz
metric. All have considerable physical significance and so it is important
to investigate their behavior as the boundary &M is approached. This is
made possible by Héji¢ek and Schmidt [32] who effected the completion of
all bundles associated with LM. We adapt the construction given by these
authors to suit our previous results and notation.

Let L'M be a connected component of LM and suppose that
(L'M x F)/G* is any associated bundle (see 1.4.3). Then the right action
of G* on L'M x Fis given by

IL'M x F) x G* = (L'M x F): (u, a, > (R,(w), L,-1(0))
and we have the smooth, open projection
[,:(L'M x F)/G* — M: Re+(u, a) > T1,.(u)

From the completion of L'M (see 1I.1.4) we have the continuous, open
projection

Up: I'M — M: ur> Rg+(u)

We fit these together to obtain the following spaces and continuous, open
projections:

Op:LI’'M x F>L'M: (u,a)—u
Op: I'M x F—(L'M x F)|G*: (u, @) Ry+(u, a)
[Ip.: (I'M x F)|G* — M: Rs+(u, a) — y.(u)
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They form the following commutative diagram:

IMxF— , ['m

n;l lnz,

(L'M x F)|G* > M
o

For any open neighborhood 4 = M of x e M the associated bundle
property 1.4.3(ii) assures us that {1;.-(4) = fi;~(4) is diffeomorphic to
A x F. In particular, for a vector space F, there would exist a linear iso-
morphism with each fibre Ti;,<(y) for y € 4. However, this need not be the
case for a point z€ dM = M\M the b-boundary of M. What matters is
whether or not G* acts freely on the fibre [1;-(z) (see 1.3.8). Equivalently,
we need to know whether the subgroup

G," ={heG*|R(u) = u}

is trivial, for any u e I1;.-(z). We denote by F/G,* the quotients pace with
the topology that makes continuous and open the canonical projection

F—F|G,*:ar>[a] = Lg(a)
Now everything falls into place by means of the following results of Hajiek
and Schmidt [32].

Proposition. Let z € M, ue I1;,~(z). Then there is a homeomorphism
Iz =(z) >~ F/G,*. Moreover, if G,* is trivial and F is a vector space,
then there is a linear isomorphism IT,~(u) ~ F.

Proof. (i) By construction we have a continuous, open map
fu: F/Gu+ - ﬁf"_(z): [(l] = HF(”& a)

We show that it is bijective and therefore a homeomorphism.

Suppose (u, b) € [1;.-(z). Then there exists some A€ G* such that
R,(u, b) = (u, a). This means that

(Rh(u)9 Lh_l(b)) = (ua a)

So he G,*, L,-1(b) = a and hence b € [q], which implies that [b] = [a] e
F/G,*.

Now suppose f,[a] = f,[b] for some a, b € F. Then

ﬁG*‘(": a) = RG+(ua b)

so for some he G,*, L,~1(a) = b and [a] = [b].
(i) Let F be a vector space and let G,* be trivial. Then, from (i),
[i;7(z) ~ F/G,* and by hypothesis E/G,* ~ F, since G,* is trivial. We
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have only to use £, to induce a well-defined vector space structure on I17:(z).
The standard procedure is to define for all X, Y e I1;7(z) and A e R:
X+ Y=ffa4(X) + fi(Y))
AX = fu (M (X))
This necessarily makes f, linear, and since it is bijective it is an isomorphism.
It remains to show that the whole construction is independent of the par-
ticular choice of u. Suppose then that we also have v e IIz.=(z). It follows

that since G,* is trivial so also is G,*. For suppose R,(v) = v. Then by
transitivity there exists m € G* with R,(#) = v and so we find

Rk(v) = Ry o Ry(u) = Rn(u)
But since G,* consists only of the identity e, we have
R,-1oR.oR,=R, soR,=R,

Therefore, G,* is trivial and F/G,* = F/G,* = F since the classes are
singletons. Hence:

fut F—T;.7(2): a~> Rg+(u, a)
fo: F=T137(2): b~ R+ (v, b)

Let X = Rz+(u,a) and Y = Rg+(v, b). We find X + Y via f, and via f,
as follows, with R,(«) = v as before,

SLfTHX) + fTHY)) = fila + Lyb) = Re+(u, a + Lyb)
S THX) + f7UY)) = fkn-2a + b) = Re+(v, Ly-2a + b)

But these are the same because
Re+(u, a + L,b) = Re+(Rp(u, a + L,b)) = Re+(R,(w), L,-+(a + L,b))

A similar argument holds good for multiplication by scalars, so the vector
space structure is well defined for II;~(z) and it is isomorphic to F. [l

Remarks. (1) We can take the particular case F = R* and obtain the
completion space TM in which the tangent bundle TAf is dense. Then the
Lorentz metric for space-time (M, g) admits by 1.1.5) a continuous extension
g: TM x TM — R, which agrees with g on TM x TM. Of course, if z € 0M
is such that I15(z) is degenerate (not a vector space isomorphic to R?),
then we do not expect all the algebraic properties of g to extend to g, at z.

On the other hand, if z € 0M is such that II5(z) = R*, then there is
a well-defined “tangent space” T,M at z. In this case the symmetry, bi-
linearity, nondegeneracy, and signature that characterize g ought to persist
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in its extension to g, Indeed we can always find some x in M and a
b-incomplete curve (see 11.3.9)

¢:[0,1) > M, with endpoint zc oM

Parallel transport along c¢ will generate for all &[0, 1) an isomorphism
(see 1.5.4)

7t IF(x) = IIF o c(2)
which is an isometry. By continuity this extends to ¢ = 1 as the isometry
7 i (x) - N7 (2): u— lim ru
t—1
So we have for all v, we T.M

gz(vs W) = gx("’t— lv, Tt—lw)

which preserves the Lorentz structure of g., in its extension to
g. = lim;; 8., A more sophisticated detailed proof is given in Hiji¢ek
and Schmidt [32].

(2) Duncan and Shepley [19] have pointed out that

F=Fr = {() R = L+ (7 + (&° + (93
generates the unit future timelike bundle U+ M used by Sachs [52] (cf. 2.1).

Let U* denote the subgroup of O+ that preserves time orientation; then
we have

UtM = (L'M x Fp)|U*

which by the foregoing procedure is dense in the topological space
(L'M x Fp)/U+ = U+ M.

Note that Duncan and Shepley [19], pp. 488, 490, misquote the equiva-
lence relation of Sachs by omitting condition (iii) in 2.5. However, they
observe that the relation ~ on U*M could be replaced by & on U*M,
where (see definition of & in 2.5) y & z if and only if there exist Cauchy
sequences (¥,), (z,) in the metric space (U* M, d,) such that there exists

lim y, = lim z,

n— ® n-+»
in the topological space U* M. Our description here emphasizes the involve-
ment of two topologies in the application of &. Duncan and Shepley prefer
it because % avoids directly using information about sequences on M, but
they did not comment on its mixed heritage. Certainly the factorization
U+ M/ % more readily admits a homeomorphism with M than was the case
for U*M/=~ in 2.5.

(3) In another article, Duncan and Shepley [18] suggest that for any
point z € OM, a coarse method of classifying the singularity there is via the
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difference between the dimension of M and the “dimension of IIf(z).”
Their argument appears to suppose that IT5(z) will always be a vector space.
Furthermore, elsewhere in the article, they assign a global dimension to
oM and assume that it coincides with the dimension of II5(z) for all z.
What can be salvaged from their argument is that if M is extensible to a
differentiable manifold containing M, then we must have II;(z) isomorphic
to R* for all z e M, unless we are prepared to use a more general definition
for dimension (as, for example, in Hurewicz and Wallman [36], p. 4).

2.7. Boundary Points Generated by Horizontal Cauchy Sequences. Every
X in the b-boundary dM is the projection by II5+ of an equivalence class of
Cauchy sequences on O* M. If the Cauchy sequence (v,) determines X € OM,
then this ¥ is equivalently determined by a Cauchy sequence (u,) on a
horizontal curve in O+ M.

Proof. This result was obtained by Schmidt [55] through a fibre
isometry with L'R™ which is a complete Riemannian manifold. We give a
direct proof of similar length.

There is a curve k:[0,1)— O*M such that, for some sequence
(t,) = [0, 1) convergent to 1, v, = k(t,). Now k(z) does not eventually lie
wholly in one fibre I1§.(z), for then by 2.3 (v,) would have a limit there
instead of in the boundary O+*M\O*M. Hence Iy+ ok = ¢: [0, 1) — M is
inextensible in M. We take the unique horizontal lift (see 1.5.4)

et [0, 1) = O M: tr> (c(t), 7(by), with c}0) = v, = (x,, b))

Now we have a sequence (c!(z,)) in O*M with projection (x,) =
(II,+(v,)) in M. The action of O+ is by 2.1 transitive on fibres, so for all
ne N we can find

& € 0+: Ryn(cT(tﬂ)) = Uy

From property 1.5.1(ii) of a connection we know also that elements of O+
will map a horizontal curve into another horizontal curve. O+ has the
standard topology induced by RS, it is closed in G/{4; R), by Schmidt
[54]; cf. Friedrich [25], p. 690.

Suppose that v, is the limit of (v,); it is known to be in O+ M/O* M.
By completeness of O*M the curve ¢! has an endpoint u, € O*M\O+*M
with

H5+(um) = H5+(Uw) =XeoM

Hence there exists some g, € O* with R, _(#.) = v,. By continuity the
sequence (g,) defined above converges to g.,. Let ¢* be the unique horizontal
lift of ¢ through R,_(v,), that is, ¢*(0) = R,_(v,). Recall that R, coincides
with R, on O* M.
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We define the sequence (c*(¢,)) = (u,) on the horizontal curve c*. Now,
parallel transport commutes with the action of O+ (see 1.5.4) and so ¢* =
R, o cl. Therefore for all neN, u, = R, (c!(t,)). We find that (u,) is
Cauchy with the same limit v, € O* M\O " M as (v,), because

d(um uh) S d(una Un) + d(vm Uk) + d(vm uk)
< d('Rgm ° cT(tn)’ Rgn ° cT(tﬂ)) + d(UTH vk)
+ d(Ry, © c!(ti), Ry, o cl(1))

Now (v,) is Cauchy, and (g,) = O* is a sequence of continuous maps with
limit g, € O*. So for all ¢ > 0 we can find N, € N such that

d(u,, w) <e fornm k>N, i

Example. Consider L*S?' with constant connection A # 0. We have
L*S* = {(x, b) e S* x R*}, and a Cauchy sequence in L+S* is given, for
example, by (u,): ni— (a, &), for some fixed a € S*. Plainly this has no
limit in L*S?*. It is Cauchy because for any », k € N the points u,, u, lie
on the curve

cit>(a —t,eM)
with tangent vector field, by 1.1
éit>(—1,2M) and |[é@)] = e

Therefore by 1.2.4
k
f e Ndt

In fact by 1.5.4 the curve ¢ is a horizontal curve: the horizontal lift of
R-—> St t+>a— tthrough leR*atz =0,
Note that in the uniformly equivalent metric space [17]

{(,v) € S* x (1/|A], 0)} = L*S?

1

—-— le—-Ak _ e—)\nl

d(u,, u,) <

our horizontal curve appears as (see Example 2 in I1.1.4)
u(t) = constant = Ma — 1) + loge™ = Aa
o(t) = (e7 + 1/|A]
Also, our Cauchy sequence becomes
ni—>(Aa, (e + 1/[A])
and we can easily see that it has the limit
(Aa, 1/]A]) € §* x [1/|A], 0) =~ L*S?
with respect to the usual metric.
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2.8. Holonomy Bundles Generate the Same 5-Boundary. The holonomy
bundle through any point in the frame bundle determines the same b-boundary
as the frame bundle itself.

Proof. Schmidt [55] pointed out the equivalence of this result with
our 2.7. We have encountered the generalization due to Friedrich [25] in
11.2.5.

Let uo € O M be arbitrary, and denote the holonomy bundle through
u, (see 1.5.8) by

L'M(uo) = {ve L'M|u, ~ v}

It inherits a metric from inclusion in the Riemannian manifold
(0*M, <, ). From 2.7, for all ¥ € &M we can find a Cauchy sequence (u,)
on a horizontal curve in O* M with

g+ lim (u,) = X

So we can take the Cauchy Completion L'M(u,) and extend the action of
®(u,) uniformly continuously as before and find

(L' M (ug)) = L'M(uo)|®(ue) ~ M= MU oM |l

Remark. Thrig [37] has found the holonomy groups of a large class of
space-times.

Example. L*S! with constant connection A, again! (Cf. Example 2 of
1.5.7.) Let ug = (x, by) € L*S? be arbitrary; then we have

Ouy) = {e ™ eR*|k e}
L*8Y(u) = {(x(mod 1), by exp {—A(x — xo)})|x € R}
From Example 11.1.3 we have the isometric equivalence
L*8%uo) = {((Axo + log by) mod A, (exp {AM(x — xo)}/bo|A]) + 1/[A])|x € R}
This allows us more easily to see the completion
L*S*(ue) = {(xo + log bo) mod A, o)]v > 1/[Af}
The action of ®(u,) was given implicitly in II.1.3; it easily extends to
R,-((Axg + log bo) mod A, v)
= ((Axg + log by — Ak)mod A, (v — 1/]ADe™ + 1/]A])
= ((\xo + log ) mod A, (v — 1/[ADe™ + 1/]A])
Hence we find the quotient (see 1.3.9) from
[((Axy + log by) mod A, v)]
= {((Axo + log bg) mod A, (v — 1/|ADe** + 1/|AD]k e 7}
L* SN (uo)/ (o) = {[(Axo + log bo) mod A, 0)][v > 1/|A]}
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As required this agrees with (see Example 2 of I1.1.4)
L*SYR* ~ ST U {}
for the point Q corresponds to the singleton class
[((Ax, + log bo) mod A, 1/]A])]

and as v runs through the set (1/|A|, ) so the corresponding point (x, b) &
L*S* runs through values given by (cf. Example 1.3)

Ax + logb = Ax, + log by
b=1/@[A - 1)
Hence x runs through {Ax, + log b, + log (v|A] — D|v > 1/|A]}, which

means that modulo 1 it certainly completes a circuit of S*.

2.9. Approaching the b-Boundary. We are now in a fairly strong posi-
tion to investigate the geometry of space-time (M, g) near the b-boundary
dM. We have topologies for all the following homeomorphs of M = M U 0M:

L'M/G* (cf. IL.1.4)
L'M@)/®@)  (cf. 11.2.6)
0+ M|0O+ (cf. 11.2.5)
UM/~ (cf. T11.2.5)
UM% (cf. TI1.2.6)

Thus we are well equipped indeed to say what we mean by “near the b-
boundary.”

In the previous section we obtained from L'M the completion of the
tensor bundles and discovered the topology of the limiting, tangent tensor
spaces at the b-boundary. For nondegenerate such spaces we could re-
construct the appropriate algebraic properties. Hence, we can investigate
the vicinity of the b-boundary by studying there the limits of geometrically
significant tensor fields. We shall return to this theme again later (4.2), but
here we give some preliminaries.

Proposition. Let ¢:[0,1)—>M be a b-incomplete curve with
endpoint z € oM.

Let ¢*: [0, 1) — L' M be any continuous curve with I1;, o ¢* = ¢
and endpoint u € I17.(2).

Let a: [0, 1) - F be a curve (in the manifold F on which G*
acts on the left) such that for some o’ € F all neighborhoods N of
Lgz#(a’) have a real 8 > 0 for which a(¢) e N for ¢t > (1 — 8).



Space—Time Edge Geometry 465

Then the field
X:[0,1)—(L'M x F)]G*: t+> Ig(c*(2), a(t))
has a well-defined limit
%1_{111 X(@) = U3y, a)e(L'M x F)/G*

Proof. (See Hajiek and Schmidt [32], though beware the false economy
in notation!) From 2.6 we recall that

G.* = heG*|Ru) = u}

Let ¥ be any set containing {X(¢)|0 < ¢ < 1} whichis openin(L'M x F)/G*.
By the continuity of

Op: I'M x F—(I'M x F)/G*
we have that IT7(7) is a neighborhood of
{u} x Lgr(@) < L'M x F
By hypothesis there exist real 8 > 0 such that
(c*(1), a(t) e Ig(V), fort>1— 8
Therefore the projection of this curve,
{(X@®lt>1~ 8

lies in V and so has a limit in 7°. Again, by continuity of Il this limit
coincides, as required, with IIz(u, a’). Il

Remarks. (1) H4ijikek and Schmidt pointed out that in particular this
result implies the following. Suppose that

X:[0,1)—~(L'M x F)/G*

is a tensor field, along a curve ¢: [0, 1) — M, which terminates at z € OM,
and that the tangent space at z € M is nondegenerate. Then a limiting value
for X at z exists if its components (X?) in a parallel propagated frame along
¢, given by

c*: [0, ) —L'M: t+—> 7/b)

have well-defined limits as # — 1. Conversely, such tensor fields can be con-
structed from boundary values by taking the (X?) constant along the chosen
curve.

Hdji%ek and Schmidt also formulated the notion of accessibility for a
boundary point z € OM.

Let ¢:(0,1)— M be a smooth curve with endpoint zedM. So
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¢:(0, 11— M is continuous with &1) = z. We say that ¢ has a tangent
vector X € T, M if there is a continuous map

2:(0,11->TM, with &@) =4¢(t) forr< 1
such that X = &(1). The accessibility of z e ¢M is the set of elements
A, = {X e T,M|3¢ with tangent vector X}

with ¢ as in the previous construction. Haji¢ek and Schmidt illustrated the
notion for a flat two-dimensional space~time M < R? where the topological
boundary M (see 1.1.12) of M in R? is a piecewise continuously differentiable
curve ¢. Then the b-boundary oM coincides with ¢, and the boundary of
L'M in I'M is TI5(c) with TM\TM = T15(c).

(2) Duncan and Shepley [19] showed how some information could be
gained about a b-boundary by studying the algebraic structure of the bundle
metric. Thus, if the latter has a zero eigenvalue somewhere, then the integral
curves of the corresponding eigenvectors yield the b-boundary through
identification by the appropriate structure group. Of course a zero eigenvalue
corresponds to a vanishing determinant for the metric tensor in local co-
ordinates. Geometrically that corresponds to a collapse of distances in one
or more directions and hence an identification of some superficially distinct
Cauchy sequences in the bundle.

(3) Clarke [10] has shown that in the situations envisaged by the singu-
larity theorems of Hawking and Penrose, the Riemann tensor cannot be
well behaved at points of the b-boundary. The proof requires that (M, g)
be a globally hyperbolic space-time, so M ~ R x S for some three-manifold
S (see [35], p. 212), but g need only be of class C1~ (see 1.2 and 4.2). For the
pseudo-Riemannian cylinder N studied in 1.5.9,10 we see that singularity
of the metric arises as ¢ — 0, and there one component of the Riemann
tensor is

Ro1a) > 472, as¢—0

3. FRIEDMANN SPACE-TIMES

Observations of our own universe indicate a high degree of spherical
symmetry about our own position, both in the disposition of luminous
matter and in the background blackbody radiation. Since we have no reason
to suppose that our position is in any way special, it is natural to consider
cosmological models that display spherical symmetry about every point and
are therefore spatially homogeneous. There exist exact solutions of Einstein’s
equation (see 1.3) for such conditions, and they are called Friedmann or
Robertson-Walker space-times (see [35], pp. 134-142). We shall consider
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such a space-time (M, g) with metric g given in coordinates by the arc length
formula

ds? = RA()(—dy? + do® + sin?® o(d6? + sin? 0 dg?))

Here ¢ is the time coordinate and o, 6, ¢ are polar angles on §% < R% The
smooth, positive function R is defined for ¢ in some interval (0, T) < R,
The physical requirements of positive matter density, nonnegative pressure,
and the observed recession of galaxies leads to the behavior R(y¥) — 0 as
i — 0. Without loss of generality we can suppose that R(y) behaves like
J* for some p > 0, as ¢ — 0; in the particular case of Example 2, 1.5.9,
p = 2. It follows that the model indicates a physical singularity “at ¢ = 0”
because the matter density increases without bound as  — 0. This singularity
can be incorporated into the b-boundary

oM = O+*MIO*\M

Bosshard [7] showed that (i) fibres of O*M over ¢ = 0 are degenerate;
(i) if also R(y)— 0 as ¢ — T for some T € R, then there is a similar singu-
larity ““at ¢ = T and the two singularities are identified in oM if R(y) ~
R(T — ) as ¢ — 0. Independently of Bosshard [7], Johnson [38] used similar
techniques to extend (i) to a wider class of space-times (including that of
Schwarzschild) and to prove that in all such cases the bundle completion
M = M U oM is non-HausdorfT.

We give some details of the calculations that lead to these results.
After considering the implications we introduce in 3.8 a new bundle metric
for parallelizable manifolds (see 1.2.7 and the opening remarks of this part).
This shows promise of some advantages for the completion of space-times;
Clarke has derived a two-stage completion procedure as an alternative, not
requiring a parallelization (see 4.4) and showing even more promise.

3.1. The Injection 2: O* N — O+ M. In the metric just given we can of
course ignore the coordinate singularities when sin o or sin € is zero because
these are irrelevant to the geometry and physics. On the other hand, the
behavior R(y) — ¢* as ¢ — 0 is not coordinate dependent and it heralds a
true geometric singularity. Bosshard [7] pointed out that it is sufficient to
consider the two-manifold (N, y) where

N ={(},0)$e(0,T),0eS%
and the pseudo-Riemannian metric y has line element

dsy® = R} (—df? + do%)



468 Dodson

We shall devote some space to establish this sufficiency. The investigation

of a space-time through submanifolds that display singularities can save

considerable effort because the dimension of the frame bundle increases

even faster than the square of the dimension of the underlying manifold.
There is an S2-family of natural smooth injections of N into M:

il:N'_>M: (!,b, O‘)H(l)bs a, 00a ‘Po)

for any fixed 8,, po & S2.
The positively oriented component O*N of the orthonormal frame
bundle of N (see 1.5.10) is

e cosh y sinh 1 [a,,,])
O*N {(lﬁ’ % [sinh x coshy| R |2,

where we have arranged to locate the orthonormal frame

1[o

r 19,

at ¥ = 0 for all (i}, o) € N. This is precisely what we did for the example in
1.5.10, where we studied the particular case when

R:(0,27) > R:¢+—1 — cos ¢

Next we find, for fixed 6, and ¢,, a smooth injection of O+t N and O+ M.
Consider the submanifold O* M, = O* M defined by
v}

0+ M, = {((¢., o, 06, o), [L(()X) 2] % [Zj) X

coshy sinhy [1 0
L = =
00 [sinh x cosh X] > 1 0 1]

_ aw _ (Sin 0')_1 39
by = [a} and b, = [(sin 0 sin o) aw]

(zp,o)eN,xeR}

where

The manifolds O* M, and O*N are clearly isomorphic and we thereby have
a smooth injection h: O* N — O* M since (by, by)/R is an orthonormal frame
at all points of M and O* M, is a subbundle of O* M because

{5 xea

is a Lie subgroup of the Lorentz structure group for O* M. Using the natural
projections, we have the following commutative diagram:
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N —"
3.2. We give a proof of the following lemma stated by Bosshard [7].

Lemma. 1If ¢ is a horizontal curve in O*N, then hoc is also a
horizontal curve in O* M.

Proof. 1In each case we use the Levi-Civita connection induced in the
frame bundle by the metric tensor (cf. 1.5.9). For O*M we find the con-
nection components as follows:

Ii=Tg=T2=T3=T.%=R/R, R=dR/d}

. R . R . .
I'32 = —sinocoso, 't = R sin® o, rg= R sin? o sin? 6
I'y3 = —sin o cos o sin? 0, I';3 = Iyt = coto
4 = —sin f cos b, T4 =cotf

By symmetry we have T'f, = T'}; for all i, j, k; otherwise the remaining com-
ponents are zero.

Evidently the components of the connection on O*N are given by
these T'f; with indices restricted to 1, 2. From 1.5.2 a curve

c: te> (), (1))

is horizontal in a frame bundle if and only if its tangent vector ¢(f) =
(é(t), bj(¢)) satisfies

b} = —bjéTY, forallt

Suppose that this curve is horizontal in O*N. Then we obtain a curve in
O* M given by

ho cri> ((Cl(t)v 62(t)5 009 ‘Po); BBa(t))a o, B = 19 23 3, 4

where B = b/ fori,j = 1,2 and B> = B,* = 1/R, with other components
zero. We observe that B = b/ fori,j = 1,2 and also ¢ = ¢* = 0. Therefore
for i,j = 1, 2 we have, as required,

Bii = —B/‘C"I‘kz
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It remains only to check for Bs® = B,*

. . dR dc?

3 . 4 _ __ 31 = i

B3 = B,* = —RéY/R, where R a0 é 7
_Bakc.lrgl = —Baaélr‘gl = —"Ili él ‘%
—B4kél].-‘$l = _B44C'II‘21 = —% C.l ‘Rgz

Hence for all «, B, 8, ¢ we have
Bﬁa = —BB"L“I‘%‘S
and so 4 o c is horizontal in O* M when c is horizontal in O*N. ||}

3.3. Weare now in a position to show that the derivative of our injection,
Dh: TO*N — TO+ M, preserves the Schmidt metric.

Lemma. Forall YeTO*N
1Yy = | DA(Y)|

where the norms are derived from the Schmidt metrics for O*N
and O+ M, respectively.

Proof. We give a different proof from Bosshard who used standard
horizontal and vertical fields (see 1.4.2 and 1.5.5). It is of course sufficient to
work with the norms because of the symmetry and bilinearity of any metric
tensor field, which yields the polarization identity (see [16], p. 104).

Let x € N and (x, ') € O* N with an arbitrary vector ¥ = (x, b}, X*, B}) e
T.O+N. The map Dh takes the form

Dh: (x, b}, X', B})—(x, yo, bs", X% Bs%)
where ¢, B = 1, 2, 3,4 and
X% = Xt=0; bs® = (Rsino)™?, bs* = (Rsin fsin o)~
Bf=B =PB*=B=b>=b*=0

From I1.1.1 for connection form « and canonical one-form © the
Schmidt norm is given by

1Y ]x = [0()]e* + [a(T)]o
= |[/17 X o® + [|[B/ + b/ ThX[b/]o®

by 1.4.5 and 1.5.6, Example 2. A similar expression holds for | DA(Y)| 2,
with all indices running through 1, 2, 3, 4.
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Suppose that Y is horizontal; then w(Y) = 0 and by 3.2 we know that
Dh(Y) is horizontal in O* M. Hence | Y|[y* = | DA(Y)]|,,* because [X*] =
[X1, X%, 0,0l

On the other hand, if Y is vertical then ®(Y) = 0 so [X?] = 0. Hence
DK(Y) is vertical in O* M and | Y|5® = | DK Y)| ,,* because

- 2

Thus our result follows because horizontal and vertical vectors are
orthogonal. |

Corollary. Forallp,qe O*N

du(h(p), h(9)) < du(p; 9)

where d,; and dy are the topological metrics induced on O* M and
O™ N, respectively, by the Schmidt norm (see 1.2.4). i
We find an expression for the Riemannian metric on O*N as follows.
Consider any curve

c:[a, b]— OFN: t> (cX(t), (1), %/ (1))
with tangent vector field
é:la, b] = TO*N: tr=> (é4(t), ¢3(1), (1))

Here the orthonormal frame determined by yx/(¢) at ¢(z) is (x:79;, x570;)
and from 3.1 there is x: [a, 6] — R such that

L] = 1 [cosh x sinh X]
X1 = Reec! sinhy coshy
For the Schmidt norm (see 11.1.1) we have

léls® = 10@]o* + [«(d)]o®

o ¢* cosh y— ¢ sinh X]
2 J1-1] 40 —
0() = [x/]17'[¢]l = R [52 cosh y—¢* sinh

bl = — 28 [1 0] ; ,-([0 (1)] where ; = % g = &R

R |0 1 1 dt dis
L 1 I R[et ¢
x/Thcx/] 7t = R [6;2 él]
. R,
0 x + R c

w(@) = [%/ + %/ Thdllx/17* =

x+%ﬁ 0

1lé]4® = R? (((c'l)2 + (¢9)?) cosh 2y — 2¢*¢? sinh ZX)) + (x + %cz)2
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We can discard the factor 2, so in ¢, o, y coordinates the expression for the
arc length formula of the Schmidt metric on O* N is

ds® = R(Y) ((d¢2 + do?) cosh 2y — 2 & do sinh 2x) + (-% do + dx)2

3.4. The Initial Singularity at f = 0. We construct a nonconvergent
Cauchy sequence s in (O*N, dy) to determine a point of the completion
O*N and hence obtain a point of the b-boundary oN. In consequence of
3.3, ho s is a Cauchy sequence in O* M, which determines a point of O+ M
and so gives a point of oM.

Let o, be fixed in S* and consider the sequence

512 N - O*N:n+> (¢, 0o, 0)

for some , € (0, T) with 4, — 0. Then for all » greater than some N,e N
we can find ¢, € [0, 1) such that s, = 1 — ¢, and ¢, > 1. So our sequence
eventually lies on the curve

c:[0,1) > O*N:t— (1 — ¢, 00, 0)
This curve is horizontal, so we find from 3.3
lé@lx = RA — 1)
By hypothesis, there is a p > 0 such that
R(Y) ~ ¢*, for—0

Therefore, for large enough k, ne N,

dy(s:(n), 51(k)) <

~

L )]y de

vl

Since ¢, — 0 as n — oo, for all e > 0 we can find N, € N such that
dy(s,(n), 5,(k)) < ¢ formk > N,

Thus s, is a Cauchy sequence, and the equivalence class to which it belongs
determines a point %, as limit in O*N. This projects to a point
xo = I5(%,) € @N, which we can identify as the singularity with coordinates
$ =0and o = o,

By a similar argument, the Cauchy sequence

5:N— O*N:nr> (g, 00 + 8y, x1)

with i, =0, 8, — 0 and fixed o,, y; also determines a point £, € O*N.
Moreover, %, and %, belong to the same fibre of O*N, that is, II5(%,) =
HG(J'EO) = xO € aN
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3.5. The Degeneracy of Fibres in O*N over ¢y = 0. To establish the
degeneracy we construct for each z € N a curve k, that joins 5,(1n) = (,, oo, 0)
and s(n) = (Y, 0o + 8,, x1), for fixed o, and x,. Then we show that the
length of k, tends to zero as n — co.

Let R, = R($,), R, = R(,) and 8, = —y, R,/R,. Then the curve

ka0, 8,] > O N: t > (fn, 00 + 2, —(Re/R)1)

is horizontal by 3.3. It joins s(n) and s,(n) as required, and its length is

b 5
an (cosh (—2 -]S’-‘t))”2 dt R
0 ‘Rﬂ

nz f

K, = . f (cosh 2)'2 dy
n Y0

We can obtain close bounds on this via the inequalities

R

0 < cosh y < (cosh? x + sinh? x)!/2 = (cosh 2y)¥/2 < 22 cosh y
Hence, and because 4, — 0 as 1 —> o0,
K, < [2Y%(R,?/R,) sinh x;| — |2V sinh y,$5+1]

which tends to zero as n — co because by hypothesis we have p > 0.

Therefore dy(s(n), s;(n)) tends to zero as n— oo so in the limit
dy(%,, %) = 0 and %, = %, But ¢, and x1 were arbitrary, so we may con-
clude that any fibre over the singularity at 4 = 0 is degenerate.

3.6. The subspace of O* N over ¢ = 0 is a point and N is non-Hausdorff.
Proof (Johnson [38], independently of Bosshard’s work). We define
the essential boundary of N as [15(0* N) where

O*N = {Iim c(t) e O* Nlc: [t,, t;) — O*n s inextensible, finite,
twty

with ¢!(¢) not bounded away from zero}

We also write ¢;: (, oo, 0} for the “radial” curves with fixed o, € S?; these
are horizontal lifts of their projections. Let

Xolog) = 3,1_1'13 co(¥)

Py = {Zy(oo)|o € S*}
We outline the proof given in detail by Johnson [38].
Lemma 1. P, is compact, because the map S* — Py: oo+ Fo(oy)
is continuous.
Lemma 2. Each fibre 115 o II5(%o(c,)) reduces to a point. (This is
our result 3.5 from Bosshard [7].)
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Lemma 3. Foralle > 0and all o€ S*
EN(-’EO(O)a Xo(oo)) < €
(This follows from our proof of 3.5 by a suitable adjustment of the

sequence of curves k,.)
Hence we may conclude that P, consists of one point, X,.

Lemma 4. O*N = {%,}, so the essential boundary of N is a point.
We can see this from our previous study of horizontal curves. Let

é: [0, §) = O* N: s (E(s), ¢%(s), %(s))
be any curve in O * N such that there is a sequence s, — § with ¢, = &(s,) —0;

it matters not whether y, = %(s,) — .
Now consider the horizontal curves

Cp. (0’ '/’n] > O*N: t—>(t,o, + t — ‘l’m Xn — 10g -R/Rn)

defined for all # € N and such that ¢,(,) = &(s,), 50 R, = R(@,), 0, = &%(s,).
By 3.3 the length of ¢, is

~Xn

Vn e Vi
G = [ la@lid = |22 22 [ R af|
0 Rn 0

Hence, as ¢, — 0 and R(y,) ~ ¢,° for some p > 0,

C, ~ 2M2e=Tuf2+1 5 0

But, for any fixed n,

lim ¢,(t) = %,

t—0
because C, is bounded, the radial distance from c,(¢) to Xo(o, + t — )
tends to zero as t — 0, and P, = {%,} is compact

Lemma 5. The only open set in N that contains IT5(%,) is N itself,
so Ilg( %,) cannot be Hausdorff separated from any point of N.

This follows from the fact that for arbitrary (4, oo) € N the vertical
sequence

5: N — O*N: nr> (¢, 0o, n)
converges to X,. For, consider the curves
J2:(0, 4] = O*N:t=> (8, 00 + t — tho, n — log R/R,)
with R, = R(,). As in Lemma 4 these have length

F, =

2112 e__-nJ-Wo RX1) dtl
R, J,

which tends to zero as n — co. Therefore lim s(#) = %, and so Il o s(n) =
(4o, 00) — Tle(Xp) e N. I
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This completes the proof of the stated proposition, but in fact Johnson
proved considerably more, namely, the following generalization.

Generalization 1. The preceding result holds for any two-manifold

©,r,) x S, foranyr, < o
with metric given by
ds? = —b%(r) dr® + a*(r) do?

where a and b are positive smooth functions (0, r,,) — R* satisfying the
conditions:

G b > 00n(0,r,;
(ii) lim,_q+ b(r)/d(r) = 0 and d(b/d)/dr = 0 on (0, r,);
(iii) a(r)/d(r) = rC on (0, r,) for some constant C > 0;
(iv) for all r, € (0, r,,) there are smooth positive functions &, h'R—R*
such that

dl[ro,rm] = a, I;Iiro,"m] =b

and @(r) = 1 = b(r) except on a compact set;
(v) for some sequence x,, — 0 on (0, r,)

21 f:n b(r) dr < oo, 21 fxn gg—; dr = ©

0

These conditions are satisfied by the Friedmann two-manifold N that
we have been studying. They are also satisfied by the corresponding two-
manifold from Schwarzschild space-time, for which

alr) =r, b(ry = Q/r — D)~V2 withr, =1

In all cases, when conditions (1)-(v) are met, there is a singularity at “r = 0,”
and the b-boundary is essentially a point whose only neighborhood is the
whole completed manifold.

Generalization 2. The bundle-completions of four-dimensional Fried-
mann and Schwarzschild space-times are non-Hausdorff.

This follows from the existence of an injective isometry (like / in 3.3)
of the appropriate two-manifold into the full space-time in each case.
Horizontal lifts of radial (r — 0) curves lying in the image of the injection
again yield a single point, like P, in Lemma 3. Every neighborhood of the
projection of this point by II5+,, into the full space-time contains the image
of the injection, because, as in Lemma 5, arbitrary constant sequences in
that image also converge to the boundary point. The isometric action of the
orthogonal group allows us to rotate the image of our injected two-manifold.
So, for all points y of the space-time there is a b-boundary point x such that
y is in every neighborhood of x.
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3.7. Closed Friedmann Space-Time. Plainly, if for some T eR we
have also R($) — 0 as y — T, and R(T — x) ~ x" for some 5 > 0 as x — 0,
then there is another singularity corresponding to = T. It will be entirely
similar to the initial singularity at 4 = 0. Cosmologically, such a situation
corresponds to an initial big bang followed by universal expansion, contrac-
tion, then a final complete collapse. Such a model is called a closed Friedmann
space-time.

3.7.1. Sequences sy, sy for Initial and Final Singularities. For definite-
ness we can think of the particular model (see 1.5.10) given by

R:(0,27) > R:¢y—>1 — cos ¢

In this case T = 2, but for our purposes we need only the property that for
x—=0

R(x) - R(2m — x) ~ x*, for some p > 0
We have a Cauchy sequence
51: N —= O*N: n— (,, 00, 0) with §,->0
and with limit %, € O+ N. Likewise we can find a similar Cauchy sequence
So: N — O*N:nr—> Q2w — iy, 05 + 20 — 244, 0)

with limit %, € O*N. Then x, = Hx(%,) and x, = I5(%;) are b-boundary
points corresponding to the initial and final singularities, respectively. Our
plan now is to find a piecewise-smooth curve that joins sy(n) to sy(n) for
each n € N and has zero length in the limit n — co. By that means we obtain
dy(%o, %) = 0, so X, = %, and then x, = x,; hence the initial and final
singularities are identified in the b-boundary. (See the diagram in 3.7.4.)

3.7.2. Curves l,, j, up the Fibres through sy, s,. Consider the sequence
rit N — O*N:nr> (‘nbm 0o — (Rn/Rn)Xn’ Xn)
where i, —0, and y, = —8log R, for some & > 1 to be fixed later. A

curve /,, which joins s,(n) and r,(n) for each n, is given by

ln: [0, O‘n] —O*N:t— (‘;‘ns g0+ 1, —(Rn/Rn)t)
SO

R R,
Cp = _'k—:Xn= SEIOan

Hence for ¢, — 0 as n —> o0 we have
xn—>0 and «, ~ ¢, logh, —0

Thus, lim,. ., r1(n) lies in the same fibre of O*N as %, = lim,,, 5;(n).
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From 3.5 we know that /, is horizontal with length

R ,
9172 2 sinh y, | = 2-2[(R2-% — R2*9)/R,|

n
But, R, ~ ¥,° so R, ~ 42~ for n — o0, 50
L, ~ [§a*r=% — ogroto|

which tends to zero for any 8 such that 1 < & < (1 + p)/p.
We can find a precisely similar curve j, for each n that joins s,(n) to
ro(n) where

re: N— O*N:n> Q2n — i, 00 — xalRa/Ry) + 2 — 24, X)

Again the length J, of j, tends to zero as n— oo, so the fibres over ¢ = 27
are degenerate, as we observed before.

3.7.3. A curve Joining Initial and Final Fibres. Next we take a curve,
for each n, that joins r,(n) to w(n) where

w:N—>O*N: n»(zw—rﬁn,% an + 27— 2‘/‘"’X"+1°gR(2R ¢))

Such a curve is the horizontal lift of a null geodesic given by
My [y 2 — ] —~ O*N

R, R,

_Rf' ~ Py 4+ 1, xn + IOgm)

n

i (t, Cp — Xn
The length of m, is

M, =

27— Yy
f 21’2R(t)e“"“’ dt‘ = 212

27— Yy
Ry~ f R3(1) dtl
Un

Un

We are assured by the properties of R that there exists some 4 € R with

2n-x

lim R%(t) dt =

X0 J 5
Hence
M, < 2UV2Z4RS~1 ~ QU2 401

which tends to zero as 4, — O since p > Oand 1 < 8 < (1 + p)/p.
The final stage is to provide a curve for each 7 that joins ry(n) to w(n).
This is achieved by the vertical curve

vn: [0, log (R,/RQ2m — ¢,))] -~ O*N
1> 2m — Y, 00 — Xua(Ru/R) + 27 — 2hy ¥ + 1)
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From the arc length formula for v in 3.3, v, has length
Uy = ]10g (Rn/ R(Zﬂ' - '/ln))l

which tends to zero as i, -0 because we have supposed that then
R, — RQnm — ).

3.7.4. Implications. Our various curves and sequences are summarized
in the following diagram.

w(n)

p---- 1

| rl(,:)/7 0w |

e (o>

" o

] In :
Xo §< ----- 3 0------>§ X,

E 51(n) so(n) i
=0 g = 2m

For all n we have
dy(sy(n), s:(m)) < L, + J, + M, + V, = F,
and so by Corollary 3.3
dylh o s:(n), ho s;(n)) < F,

But F, — 0 as n — 0. Also s, and s, are Cauchy sequences on O*N. Hence
hos, and hos, are Cauchy sequences on O*M, belonging to the same
equivalence class in the completion space O*M. Therefore points of the
initial and final singularities are identified in the bundle completion
M=MuUoM.

This result casts doubt on the physical significance of the b-boundary,
for the two singularities arise in strikingly different physical regimes: expan-
sion and contraction. Since we have put no causal structure into the com-
pletion process, we can hardly expect the geometry to take account of the
direction of evolution, but we would hope for temporally, spatially, and
physically remote occurrences to be kept apart. There is of course a further
problem of like kind, arising from the work of Johnson that we discussed in
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3.6. The non-Hausdorff nature of the bundle completion leads to the impres-
sion that events remote from a singularity are in every neighborhood of it,
that is topologically close to it.

The crucial stage in Bosshard’s identification of initial and final singular
points is the establishment of degeneracy in the fibres over them. That makes
it possible to lift an apparently innocuous null geodesic arbitrarily high up
O* N and so join the degenerate fibres with arbitrarily small bundle length.
Consider at any point in N a choice of orthonormal frame represented by
X = Xo- Physically [16] it corresponds to a choice of observer (or reference
system) with velocity v, along the y-axis (relative to the observer using the
frame y = 0, representing (1/R)[0,, &,], at the point) where

cosh xo = (1 — o2~ 12
So vy —> 0 as xo — 0; and vy — 1 as x, — co, which means that this observer

approaches the speed of light relative to the former observer. The essential
geometry is captured in the submanifold

No ={(v,v)e N} =~ (0, 2m)

It has a bundle of null frames with structure group R*. Let L* N, be the
connected component of the identity, and at all » € (0, 2«) let the frame
corresponding to 1 e R* be

51 = %(aw + ad)

The connection V induced by the Levi-Civitd connection V on N is given
in components by I't; where

65 51 = f‘hél = %Vawa,(aw + 0,) = 51

Sl =

Then a typical curve
¢ (0, 2m) — Ny t— ¢

has a horizontal lift through any A, e R* at ¢ = =, say, given by
e (0, 2m) — L* Ny: t—> (8, A1)

where the positive function A satisfies
= -7 A(ﬂ) = ’\n

So, for ¢t € (0, 27), M) = A, R(m)/R(z).
The Schmidt norm gives

léatlne = X R
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From the properties of R we are assured of a finite limit
2r—-x
lim f R()/R(x) dt = B
x40/ 5

Therefore the length of ¢,! is B/A,, which we can make tend to zero by
choosing A, — 00 as n—>co. This kind of behavior is likely to be quite
common for space-times: choosing frames having increasingly large com-
ponents with respect to a given standard basis makes the components of a
given vector become increasingly small. The property of possessing, in a
continuous fashion, a standard basis at each point is called (1.2.7) paralleliza-
bility. Though rare among manifolds in general, it is quite common for
simple space-times. We shall take advantage of this property to modify the
Schmidt metric for the Friedmann two-manifold %, so that the degeneracy
in fibres over the singular points can be removed. This leads to a separation
of the initial and final singularities. The particular case for Friedmann
space-time is discussed in 3.9. First, we give a general definition and prove
some properties for a parallelizable manifold. We assume our parallelization
to be continuously differentiable. Simply connected space-times always
admit a parallelization if they are space- and time-oriented (see Lee [46]
and Geroch [27]).

3.8. A New Bundle Metric for Parallelizable Manifolds. Let M be a
smooth z#-manifold possessing a continuously differentiable parallelization

piM—>L'M: x> (p),

where L' M is a connected component of LM with structure group G+.
Proposition 1. Every chart about any x € M induces a chart about
p(x)eLl’M.
Proof. By taking if necessary a subchart (U, ¢) about x € M, we have
by the bundle structure (see 1.4.1) a diffeomorphism

OpU)=LUxUxG*

We denote by (p;), the frame determined by p(y) at y € U. Then for
any g € G* we can find a matrix representation [g,'],,, for the basis it deter-
mines at y, by reference to the (p;),. This gives the desired chart (L'U, ®,)
by

¢,:LU~Ux G*—R" x R

(2, @& = 0, 9 @O, [g/e) M

We have done the obvious thing: chosen p(y) as our reference frame
for T,M, in the fibre 115 (y). This implies that O,(y, p(»)) = (p(»), I),
where I is the unit matrix.
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Plainly, @, has the same class as p on U.

Definition 1. Denote by (9;), the basis for T,M induced for all ye U
by the chart (U, p) and denote by (A}, the basis induced for T,G* by the
coordinatization

G* - R"™: g~ [g/hw
Then the basis ((2,),, (A,),) is induced for T, ,,L'M by the chart (L'U, ®,,).
The vertical form for L' M with selection p is the map
5 TL'M — R™

2 (@(»), [g/]owy A0, BIAH — [B g/ 15
Remark. This map is independent of the choice of chart (U, ¢) and
it is linear on each tangent space T, ,,L'M. Also if p is of class C* for some
k > 0, then § is of class k — 1. The algebraic dependence of § on p is
considered next.

Proposition 2. Suppose that g: M — L'M is also a continuously
differentiable parallelization. Then there exists a continuously
differentiable map

[e/]: M —R™: yrs [af],
Q0 071 = (1, [af])

Proof. By transitivity of the action of G* on L'M we can find a C*
map a: M — G* such that for all xe M

q(x) = Ra(x)(p(x))
Hence the required matrix field is given by p, = a,'p;. B
Corollary (for which the author is indebted to C. J. S. Clarke).

4(X) = p(X) + [4@a)la]™?

X = (@(»), [8/lowr A'01, B/A) e TL'M
Proof. The derivative of @, o ;! is the Jacobian

0] winr=1s1

oa aj

such that

for ail

Remark. Consider a curve ¢:(0,1)—L'M which appears in co-
ordinates via (L'U, ®,) as

O, 0c:t—>(c2), [g/]), fore(®)eL'U
with tangent vector field
¢ 1> ('), [g/'ls ¢'(0), [&/'D)
The vertical form gives a logarithmic measure of vertical velocity:
) = [g/llg/17*
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It is precisely this feature that prompts the following modification of the
Schmidt metric given in IL.1.1.

Definition 2. The modified Riemannian metric on L' M is (see I1.1.1)
W00 TLM x TLM — R: (X, Y)—> <X, Y> + p(X)-H(Y)

where (X, Y> = 0(X)-0(Y) + o(X)-w(Y) is the Schmidt metric and - is
the standard inner product on R* and R*. Clearly < , >, is well defined
and a Riemannian metric tensor field on L'M. Let d, be the topological
metric induced on L'M by { , >, via its norm | |,. Evidently, < , >, has
the same class of differentiability as §, which is governed by the class of
parallelization.

Proposition 3. (i) If we replace the standard inner product - on
R* and R* by any other inner products, then the ensuing metric
structure is uniformly equivalent to that given by d,,.

(ii) For all g e G* the right action R,: L' M — L' M is uniformly
continuous on (L'M, d,). Hence R, has a unique uniformly contin-
uous extension to the Cauchy completion (L'M, d,) in which
(L'M, d,) is dense.

(iii) The topological space I'M/G* = M is well defined, and
we shall call SM = M\M the p-boundary of M.

(iv) If the connection on LM is the Levi-Civitd connection of
some metric g, then we can replace G* by O+ and work with O*M
and obtain M = (0* M/O*)\M.

Proof. See [15] for details.

(i) This follows from I1.1.2.

(ii) This follows from II.1.3 and the observation that for all X e TL'M

andallge G*
155 DR(Os = [5C0)]

(iii) This follows from 1.3.9.

(iv) This follows because p is essentially unaltered by passing to a
subbundle. |l

We defer a detailed study of the p-boundary, merely noting immediate
properties in the following two propositions and thereafter describing the
new criterion for completeness in Definition 3. Geroch [27] proved that a
space~time admits a parallelization p if and only if it admits a spinor struc-
ture for which K. K. Lee [46] has shown that embeddability in R®, or simple
connectedness with space- and time-orientability is a sufficient condition.
That may throw some light on the naturality of our new construction.
Beem [3] pointed out that b-completeness remains a stronger condition than
geodesic completeness, even for the restricted class of globally hyperbolic
space-times. It will have to be seen how p-completeness compares.
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We shall denote by Il;. the projection induced by the factorization of
L'M by G+. The topology on M = I’M/G* is such that II;. is continuous.
We find the following.

Proposition 4.
(i) G* acts transitively on fibres of L' M.
(ii) IIr is an open map.
(iii) The fibres of L' M are complete with the induced metric.
(iv) The fibres of L' M are homogeneous spaces.

Proof. These results foliow immediately from the proofs given in
11.2.1-11.2.4 and Proposition 2 in Section 3.7. J§

Proposition 5. Holonomy bundles generate the same p-boundary
for space-times.

The results corresponding to HI1.2.7 and 1I1.2.8 hold for our
new structure:

(i) If x € M is determined by a Cauchy sequence (v,) in L'M,
then this x is equivalently determined by a Cauchy sequence (u,)
on a horizontal curve in L' M.

(ii) The holonomy bundle through any point in the frame
bundle determines the same p-boundary as the frame bundle itself.

Proof. (ii) follows from (i), and II1.2.7 establishes (i). Il

Definition 3. We can now modify our criterion for completeness of M
via the following (see 11.3.9).

(i) A curve ¢ in M is said to have finite p-length if it has a horizontal
lift ¢! of finite length in (L'M, { , >,). As before, this is independent of the
choice of point in I17 (¢) through which the lift is effected.

(i) A curve c: [0, 1) — M is called p-incomplete if it has finite p-length
and admits no continuous extension in M to domain [0, 1]. Again, the
definition extends trivially to any piecewise-C* reparameterization of the
curve. Therefore, the p-boundary consists precisely of the endpoints in A
of p-incomplete curves in M.

(iii) M is called p-complete if it contains no p-incomplete curves, that
is if oM = 0.

3.9. Eliminating Degeneracy of Friedmann Fibres. We have shown that
a Friedmann space-time is parallelizable by the existence (see 3.1) of the
smooth section

Pu:M—0*M: (b, 0,0, p)—> R_(lz,'lvj [0y, @4, (sin 6) "8y, (sin 0 sin ¢)~18,]

where the obvious coordinate singularities can easily be avoided. Hence
Puand | |[,, are well defined on O*M by 3.8.
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Similarly, the first two terms of p,, give a smooth section py of O*N,
and here we find (see 3.1, 3.7)

Py: TO*N = R™: (.p, , Lb{)% [ZW] % X, % ;a,) > [BALG)I
where
O*N = ((¢ a,L(x)% [Zﬂ)](./,, o)eN, xe€ R) ~ N x O+
and

cosh ¥ sinh X]
sinh ¥y cosh y

260 = |

We recall from 3.1 the smooth injection h: O* N — O* M and observe that
h o py = py; also we have the counterpart of Lemma 3.3.
Lemma l. |Y|,, = |D(Y)|,, forall Ye TO*N.

Proof. The map Dh takes the form (see 3.3)
X7 [B} O
Dhi G5 1) 1 18D (530 | ] [0 )
0 0 0
Therefore for Y e TO* N, for some y € R,

A1) = BULGO
o) = [0 7 gy

But from Lemma 3.3, | Y|y = | DA(Y)|s;, so the result follows. |l
Remark. We continue to follow 3.3 and obtain an expression for the
arc length formula of the new metric { , ),, for O*N. For any curve

c: [a, b] = O*N: t+— (cX(1), c*(t), L(x(1)))
we have

u(©) = [LGONLGT

f0 1 . dy
—x[] 0], wherex—a

This matrix is of course independent of R, and we note that it was one of
the three matrices in 3.3 that summed to give w(¢). Hence we have ¢,
and the arc length formula is simply

ds,? = ds? + dy?

where ds? is the expression in 3.3 for the arc length from { , >.
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Lemma 2, We use p to denote py when no confusion arises.

@) s,: N— O*N: n (,, 00, L(0)) is Cauchy on (O*N, d,) if
i, — 0, for any fixed o, € S*. The limit of s, in O*N lies in the
fibre over ¢ = 0, ¢ = o, in IN.

(ii) The fibres over 4 = O are not degenerate.

Proof. (i) This follows from the fact that s, eventually lies on the
curve ¢ in 3.4, and since y = O on ¢

d(s:(n), 5,(k)) — du(s:(m), s,(k)) =0 asn, k—>c0

(ii) Suppose that the fibre over ¢ = 0, ¢ = o, is degenerate. By (i),
the sequence

s N— O*N: ne> (¢, 00, L{x0))» o, Xo fixed

i§ Cauchy if ¢, — 0. Moreover, both lim s* and lim s, lie in the fibre of
O*N over ¢ = 0, ¢ = o4 By hypothesis d,(lim s,, lim s?) = 0; so

lims; = lim s?

Hence we can find a sequence of curves ¢,: [0, 1] — O* N such that

1
e = 00, () = 51, f 16, d2 — 0
(4]
Therefore we must have, as #n — o0,
®(cn) -0, w(én) - 05 ﬁ(cn) -0

We were able to satisfy the first two of these conditions in 3.5. But from the
preceding remark, p(¢,) — 0 if and only if x, — 0. And that is possible for
the functions ¥, only if (x.(t) — x.(t))— 0 for all ¢, ¢" €0, 1]. Hence we
require yo = 0. But lim s exists for any y, € R, so the fibre over ¢ = 0,
o = g, is not degenerate. [l

Corollary. In the closed Friedmann submanifold NV the fibres over
the final singularity are not degenerate. In consequence the initial
and final singularities do not have common points in the p-boundary.

Proof. The first part is clear enough, from our definition of closed
Friedmann space-time.

For the second part we consider the norm of the tangent vector to an
arbitrary curve cin O*N:

lél,2 = R? (((c'l)2 + (¢%)?%) cosh 2y — 2¢*¢? sinh 2)() + (% 2+ )'()2+ x)?
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Suppose that the initial and final singularities have a common point in JN.
Then there is a sequence of curves

¢,: 0,11 > O*N
and x,, x; € 8N such that as n — o0

'6) My +a(0) — xo
(i) | Tgee, >3,
(iii) fo 1é()], df — 0

Now, (i) and (ii) imply that
lim ¢,*(0) = 0 # 27 = lim ¢,*(1)

since we suppose that lim ¢,(0) is in a fibre over s = 0 and lim ¢,(1) isin a
fibre over i = 2». Hence we cannot have ¢,! tending to the zero function
as n — oo. Thus we see from the expression for | ¢|,? that (jii) is contradicted
and so no such sequence of curves exists. i

The p-boundary thus far appears to reflect the physical situation in the
closed Friedmann two-manifold N more reasonably than does the b-boundary.
Of course, it is not permissible to conclude from the nondegeneracy in
O*N and the separation of initial and final singularities in 8N that the same
is enjoyed by O*M and OM. For, whereas JPN(x, y) = 0 implies
d,, (h(x), h(y)) = 0, the converse may be false. However, in the present
circumstances it seems unlikely that degeneracy will arise in any of the fibres
of O*M because of the essential interchangeability of the three circular
coordinates o, 8, ¢.

3.10. The Topologies of O*N and 5N; N is Hausdorff. Here we use
methods similar to those in 3.6 due to Johnson [38]. The extra vertical com-
ponent in the norm | |, compared with | | has removed the degeneracy
of fibres and the part of O* N over ¢ = 0 turns out to be a cylinder S* x R.
Hence the projection &N is a circle, with one point for each ¢ € S*. We can
expect a similar result for the final singularity as well, in the closed Friedmann
case.

The vertical component in || |, prevents the vertical sequences with
constant projection in N from converging to O*N, and so we expect points
of N to be Hausdorff separable from points of N. This is indeed the case.

Lemma. The subspace of O*N over ¢ = 0 is a cylinder.

Proof. We adapt some definitions used by Johnson [38] for the Schmidt
process (see 3.6). Let the essential p-boundary of N be I5(O* N) where

O*N = {tllrtn ¢(t) e O*N|c: [t1, t) — O* N is inextensible, finite,

with ¢*(¢) not bounded away from zero}
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We take the definitions of P, and ¢, for o, € S* from 3.6. The technique is
to show that 0*N is homeomorphic to S x R. First consider the map

Jo: St — Py: o> lim (4, o0, 0)
U0

It is surjective by construction. We prove that it is injective. Suppose
oy, o3 € ST are such that fy(o,) = f4(e,). Then there exists a sequence ¥, — 0
and a sequence of curves

2,1 [0, 11— O N: 1= (MME), A2(0), A (1))

such that A, (0) = (¢, 00, 0), A(1) = (,, 01, 0) and satisfying the length
condition

tim [ 140 dt = 0

If o, # o0y, then we cannot have A,2— 0. Now, by inspection of the form
of | |,in 3.9, Lemma 2, we see that our length condition on the A, certainly
fails if ¥, does not tend to zero. But then we have by positive definiteness

R

22| ~ A2 =0

1Al =

So we may conclude that o, = o, and fj is injective,
We can find a similar bijection f, for any fixed y € R. Hence we have a
bijection
f: 8% x R— {lim . 0, Vl(e, ) € 5T x R}
¥-0
o, x) lim (¢, o, x)
We show that this is continuous. Suppose that

s:N— St x R:n (o, x,)

is convergent, in the standard topology, to (oo, xo). We shall prove that
fo s is convergent to f(og, xo) in O+ N.

Let t, = |0, — 05|*?, which by convergence of s is convergent to
0 e R and which for all large enough n we may suppose lies in (0, 27). We
join the point (2,, oo, xo) t0 (tn, o, xa) by a curve ¢, = I,-k, for each » as
follows:

ki [0, 1] = O*N: t— (ty, |on — oot + a0, X0)
1[0, 11— O*N: t(t,, o'n[Xn - Xolf + Xo)
Then

An = dp((tna Gy, XO)a (tm Ops Xn)) < L “kn(t)”l’ + ”lﬂ(t) ”1’ dt




488 Dodson
Evaluating the norms we find, with R, = R(t,),

1
A, < f (R,,(cosh 2x0)2 + %)Ion — oo| + 2'%|x, — xol dt
0 n,

Since
R, ~ t,* for some p > 0 as n— oo since 1, -0

Ro[Ry ~ 1/t = |og — oo| 712
we may conclude that A, — 0. Therefore fis continuous because
lim £o5) = im (tm 90, x0) = /(oo X0
Now we show that f(S* x R) = O+ N. Suppose that
c: [t1, t2) = OFN: t+—> (c*(), (@), x()

is an inextensible finite curve defining a point of O*N. From the form of
the norm and the finiteness condition on ¢ we cannot have x(¢t) — oo as
t — t,; likewise we cannot have ¢*(¢) cycling infinitely around S*. Hence
there must exist limiting coordinates

oo = lim ¢*(z) and x, = lim x(¢
X
t-ty tty

Then the same argument as for the continuity of f shows that ¢ defines the
same point of O+ N as the radial curve

cO: t— (t’ 0o, XO)
Hence

lim c(t) = hm (t9 g, XU) = f(”o, XO)
tosty t=0

which establishes f(S* x R) = O*N.
Finally, fis a homeomorphism because

f~1:O*N—S' x R:lim (4, o, x) > (o, x)
¥—0

exists and is continuous. [l

Corollary 1. The p-boundary of the Friedmann two-manifold N

(nonclosed) is IIs(O*N) ~ S*. W

Corollary 2. For all points x, € oN, if x; € N then x; can be

Hausdorff separated from x,,.

Proof. From the lemma, if x, € ON then we can find (o, xo) € S* x R
such that
Xo = lting (t, o0, Xo) € 115 (Xo0)
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Let x, (¢, 0y) € N; then we know that ¢, > 0.
It is sufficient to show that

Jp(féo, Os5(x)) >0
But this must be so because any curve
c: [0, 1) = O*N: t> (c*(2), (), (1))

with ¢(t) > %, as t— 1, while ¢*(0) = ¢, > 0 must have ¢* a nonzero
function. Hence |¢|, will not be the zero function for any curve from the
fibre over (i,, 0,) to the fibre over x,. The presence of the vertical term due
to fin | ||, prevents our using arbitrarily high horizontal lifts of null curves
to achieve zero length in the limit, as was possible in the Schmidt metric

(see 3.7.3).

4. THE PRESENT EDGE

In this section we close our account with some notes on the position
as it appears after the Eighth International Conference on General Relativity
and Gravitation held in August 1977 (see GR8 Abstracts [31]; the contribu-
tions on singularities are scheduled to appear in the Journal of General
Relativity and Gravitation).

4.1, Summary. The theorems of Hawking and Penrose had indicated
the likelihood of incomplete geodesics in realistic space-times under very
general conditions. For example, they did not depend on particular sym-
metries, and they used only the attractive character of gravitation, not
Einstein’s equation. The Schmidt bundle completion had shown considerable
promise in topologizing singularities in an elegant way, and Clarke had
begun to reveal that generally there are curvature anomalies associated with
boundary points. Then Bosshard and Johnson provided details of non-
Hausdorff behavior in Friedmann and Schwarzschild space-times. Though
such behavior had already been anticipated by Schmidt, it nevertheless
raised queries about the physical significance of the b-boundary. Two avenues
of development were pursued: modifications to the b-boundary to improve
separation properties and classification of singularities in a way compatible
with their definition via the b-boundary and its likely modifications. We
give some details of these developments in Section 4.2, concentrating on
geometrical aspects.

We saw in 3.8 the p-boundary SM that is available for space-times
having a parallelization p: M — LM. 1t derives from augmentation of the
Schmidt metric by an extra vertical component and retains several of the
good features of the b-boundary &M while avoiding some unwanted identifi-
cations. A different modification devised by Clarke (see [31], p. 22) uses a
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secondary completion to remove certain identifications in the b-boundary.
Clarke had expressed the view that the Schmidt metric was basically right
but that the process of consiructing the boundary from it involves the
interior of the space~time instead of concentrating on its edge. To remedy
this he used the projective limit topology (see Kowalsky [42], p. 273) on
b-boundary closures of sets ¥, with compact complements in M. Hence he
constructs the essential b-boundary 8*M, an account of which is given in
4.4 and wherein we find justification for the name. The required separation
properties are achieved. Also, the fibre over x € 9®* M degenerates to a point
if x has generally singular curvature; this happens if there is a horizontal
curve on which it is impossible to write the curvature tensor R as R* + R?
with R* bounded and R2 not exceeding the necessary symmetries. Then if
x and y are distinct in ° M with generically singular curvature, these points
are Hausdorff separated (see [31], p. 22). Marathe (see [31], p. 243) discussed
the alternatives &M and @*M and drew attention to his earlier work [48]
on paracompactness which leads to a theorem on the metrizability of space-
times. We see in 4.3 that he uses a bundle section to construct a topological
boundary which is more or less that of Schmidt or Sachs. Marathe observed
that Clarke’s construction of the projective limit topology for the completion

M® = M°Ue*M, with M°~ M
is similar to his own method of metrizing M, for Clarke’s V, corresponds
to the projected interior of certain K, of which a component of LM is a

countable union (see 4.3). This similarity remains to be exploited, but what
we have at present are the proofs (see 4.4) of the following statements,

(i) M?" is dense in M.
(ii) Every x € 9* M is Hausdorff separated from any y € M°.
(iii) “Intuitively separate” points are not identified in 0° M.
(iv) Those points in éM without correspondents in 9® M lie at the end
of a curve partially trapped in some compact set.

Hence we have a satisfactory answer to the difficulties encountered with the
b-boundary and a firm position from which cross links can be forged to the
classification scheme (4.2) for singularities. We mentioned a sufficient condi-
tion for a fibre over 9* M to be degenerate ({311, p. 22), but we do not yet
know what is necessary. However, it seems unlikely that a manifold structure
will be available for the completion in general.

The consensus at GRS, on requiring some bundle section over and above
the connection to effect a completion, was that though many reasonable
cosmological models admit such sections (see Lee [46] and Geroch [27])
there remained considerable arbitrariness in choosing among the sections.
However, it was felt that there was advantage in having such alternatives
because of the diversity in singularities and the desirability of having a
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range of techniques for their investigation. Certainly, in particular situations
there may be distinguished sections, derived from matter fields for example.
It would be useful to have detailed calculations of different boundaries for
comparison; more generally, we need to know when different sections give
homeomorphic completions.

A scheme of classifying singularities has been put forward by Ellis and
Schmidt [24] (see [31], p. 367) which we outline in 4.2. It supersedes the
earlier version in [35] and the more field-theoretic approach of Borzeszkowski
and Kasper [6]. King ([31], p. 27) discussed the instability of whimper (cf.
Ellis and King [23]) or nonscalar singularities, where no curvature scalars
are badly behaved. Siklos ([31], p. 31) refuted the claim of King and Ellis
[40] that whimpers are stable and he commented on their classification.
Clarke ([31], p. 22) remarked on the likelihood of boundary points being
curvature singularities, and Tipler [63] (see also [31], pp. 32-34) gave bounds
on the growth of curvature near singularities. He also extended the rigorous
definition of a black hole to space-times that are not asymptotically flat
(see [31], p. 221) and gave results on singularities and causality violation
(see [31], p. 34). The latter reinforce the general impression [35] that causality
violation is insufficient to prevent the formation of singularities in gravita-
tional collapse. Tipler claims that if a closed universe contracts and then
reexpands because of causality violation, then the “bounce” must be accom-
panied by singularities. Furthermore, a space-time with causality violation
can be singularity-free only if the causality violation begins in matter-free
regions.

More unusual lines of inquiry are the distributional approach to the
geometry of singularities by Parker [49] (see also [31], p. 383) and the
algebraic computing techniques of Campbell and Wainwright [9] (see also
[31], p. 19). The latter gave a list of 14 computable polynomial curvature
scalars and studied them near singularities. Scalar polynomial invariants
are independent of coordinates; however, there exist nonzero curvature
tensors for which all scalar polynomial invariants vanish (cf. [35], p. 260).
Thorpe [62] addressed this problem and investigated observer-dependent
curvature invariants (see [31], p. 334), which are scalar functions on the
unit timelike bundle (see 2.1). These carry direct physical information and
throw some light on whether a singular occurrence is tidal (physical forces
experienced), matter, or conformal (Weyl tensor misbehaves), for example.
It turns out that a timelike curve of bounded acceleration, which could
therefore be followed by an observer, runs into a parallel propagated curva-
ture singularity (see [35] and 4.2) if and only if some observer-dependent
curvature invariant is unbounded along the curve. We should point out for
nonphysicists that the notion of “observer” has a precise mathematical
definition, as for example in [53] or [16].
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There have been some recent developments of earlier boundary con-
structions, and we can introduce them by recalling the following. Hawking
[33] and Geroch [28] used equivalence classes of incomplete geodesics to
construct the geodesic boundary or g-boundary. Also, the analysis by Kron-
heimer and Penrose [43] of causal structures led to the causal or c-boundary
of ‘Seifert [58] and to the ideq! points of Geroch, Kronheimer, and Penrose
[30]. These constructions were discussed by Hawking and Ellis [35], who
concluded that the b-boundary was better. Recently, Beem [1] discovered
conditions for the stability of causal structures under perturbations of the
metric. In particular, if for each compact subset K of space-time (M, g)
there is no future inextensible nonspacelike curve that is totally future
imprisoned in K, then there is a conformal factor e’ such that every non-
spacelike geodesic of (M, €2°g) is complete. Next, Beem [2] compared time-
like Cauchy completeness and finite compactness and found them to be
equivalent for globally hyperbolic space-times. Morecover, both of these
forms of completeness are equivalent to the following: every inextensible
future [past] directed geodesic starting in the chronological future [past] of
x e M has points at arbitrarily large distance from x. Woodhouse [64]
observed that the study of zero rest mass fields focuses attention on conformal
properties of space-time whereas the projective structure is pertinent to
massive fields (see 11.1.5), but the time-ordering of events is more primitive
than either. Hence he devised a chronological boundary and compared it with
the causal boundary [58]. Subsequently Woodhouse [65] applied Morse
theory to geodesics and obtained a link between the causal and curvature
structures of stably causal, globally hyperbolic space-times.

It was an early result of Geroch [26] that topology change cannot occur
in a compact region without violation of causality in the form of closed
timelike curves. We note a few recent additions to this work. Tipler (see
[31}, p. 34) reports that topology change cannot occur at all in a compact
region if the null convergence energy condition (cf. [35], p. 95) holds. Thus
topology changes imply singularities. Two related theorems have been
proved by C. W. Lee [45]: closed and bounded parts of space cannot change
topology in timelike and null geodesically complete space-time; the result
is unaffected by allowing the bounding two-manifold (of the part of space
in question) to evolve with time. Also, Lee proved a series of theorems on
parts of spacelike hypersurfaces enclosed by uniformly convex three-spheres
(see [44] for outlines of the proofs and [45] for details). The enclosed part
must be compact and simply connected, and the nonenclosed part is non-
compact in null and timelike geodesically complete space-times subject to
the null convergence energy condition (see [35], p. 95). It is known (K. K.
Lee [46], [47]) that no compact space-time can be simply connected and
indeed every such space-time has closed timelike curves. Now K. K. Lee
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[47] has derived upper bounds on the first and second Betti numbers of
space~times having Cauchy surfaces with Abelian fundamental group;
hence he obtains a homological classification of space-times with compact
Cauchy surfaces.

For lack of space we cannot do justice to the new results on the physics
of particular, singular space-times, but we offer some notes on the work
reported at GR8. Collins ([31], p. 23) described the behavior of matter
variables in some singular cosmologies. Surprisingly, the energy density
need not be infinite at a conformal singularity, where only the Weyl tensor
has unbounded components in an orthonormal frame. Results for spatially
homogeneous cosmologies were reported by Ellis ([31], p. 367) and for Bianchi
space-times by Shikin ([31], p. 29). Various singular behaviors were demon-
strated by King ([31], pp. 26-27) using stationary cylindrical symmetry in
dust-filled space-times. Liang ([31], p. 28) discussed the irrotational collapse
of dust, Kegeres ([31], p. 210) included rotation, and Datta ([31], p. 126)
described the collapse of perfect fluids.

Finally, mathematicians may regret the nonappearance of applications
of catastrophe theory to a seemingly ripe topic. In fact this kite was flown
by the organizers of GRS in their preliminary program, but in the event no
papers were forthcoming. The field is open.

4.2. Classification of Singularities. Here we outline the scheme pro-
posed by Ellis and Schmidt [24] (see also [35], p. 367). Suppose that x is a
point of the b-boundary 0M of (M, g). Then the following classes arise.

(i) x is a C* regular boundary point (r > 07) if there is an extension
(see [35]) of space-time to (M, g’) such that the Riemann tensor exists and
is C" for (M, g) and x is an interior point of M".

Otherwise x is a C’ singular boundary point.

(i) x is a C7 (or C"™) curvature singularity (r > 0) if, for some curve ¢
with endpoint x, at least one component of the rth covariant derivative of
the curvature tensor, with respect to a parallel propagated orthonormal
basis along ¢, is not continuous (or C°~). Such an x is a singular boundary
point in the sense of (i) and was termed a p-p curvature singularity in [35].

(iii) If x is a singular boundary point but not in the class of (ii), then
it is a C7 (or C"")quasi regular singularity (r > 0). An example is the vertex of
a cone. These types were called locally extensible singularities in [10] and [23].

(iv) If x is a singular boundary point at the end of a curve ¢ on which
some polynomial scalar field constructed from rth covariant derivatives of
the curvature tensor is not continuous (or C°"), then x is a C” (or C™7)
scalar singularity. These were called s.p curvature singularities in [35]. They
are necessarily C' (or C"~) curvature singularities, as in (ii), because the
choice of basis field along c is irrelevant, provided that it is C".
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(v) If x is a curvature singularity but not a C" (or C7~) scalar singularity,
then it is a C™ (or C"") nonscalar singularity. These can coincide with the
intermediate singularities of [10] and {23].

Ellis and Schmidt gave examples of these types. They also observed that
we may wish to distinguish among curvature singularities:

(a) matter singularities, when the Ricci tensor causes the problem and

(b) conformal singularities, when the Weyl tensor is at fault.

() divergent singularities, when the relevant components are unbounded
and

(B) oscillatory singularities, when the relevant components are bounded.
Their scheme could easily be adapted to refer to other boundaries for space-
time, and though it is intended only for boundary points at “finite distances”
from ordinary points, they claim it can be extended to cover those “at
infinity.”

Clarke [10] has shown that typically a point x on the b-boundary will
be a curvature singularity, if it is accessible on a timelike or null curve (see
also [11] and [31], p. 22). His theorems remain true for a continuous metric
tensor with bounded weak derivatives and bounded curvature tensor, but
as he says, we are not yet able to conclude that all boundary points are
curvature singularities in the Ellis and Schmidt sense. Clarke and Schmidt
[13] gave a survey of rigorous results and displayed just what kind of ob-
struction a space-time singularity is to the extension of the space-time
through its boundary and how it can be studied. They distinguished between
true singularity theorems and the incompleteness theorems of the Hawking
and Penrose type. An example of a singularity theorem of the new type is
the following, from Clarke [10] (see also [13]).

Theorem. Let (M, g) be a globally hyperbolic space-time with g
of class C?- and suppose we have x € M such that (i) x is a C2-
singular boundary point; (ii) x is the future endpoint of some
time-like curve. Then x is a curvature singularity, provided that a
certain generality condition (non-D-specialized; see [10], p. 68)
holds. |l

So, if the endpoint x € 2M of a timelike curve obstructs a C2~ extension
of curvature through the boundary, then we can expect that on some curve
ending at x the curvature components in a parallel propagated frame have
no limits. We now have some idea of how this can happen in general because
Tipler [63] (see also [31], p. 32) found constraints on the rate of growth of
the Ricci curvature near a singularity. He showed that R,; cannot grow faster
than ¢~2 near a singularity in any physically realistic space-time, and R,
must grow at least as fast as ™! near a curvature singularity in a conformally
flat space—time.
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4.3. Completion via a Bundle Section. We studied the p-boundary oM
for parallelizable space~times in 3.8-3.10 and found that it removed the
separation difficulties encountered in the Friedmann sub-space-time by
Bosshard and Johnson, while preserving the expected geometry of the
completion. More generally, for a given parallelization p, the new metric
for L' M is essentially unique, and like Schmidt’s Z’M, the completion L'M
it provides consists of fibres that are complete, homogeneous spaces. Again
holonomy bundles generate the same p-boundary because boundary points
of I'M are always accessible on horizontal Cauchy sequences. So most of
the good features attributable to the b-boundary persist for M. The main
disadvantage is in having to decide which parallelization to use, in the
absence of some physical guidance such as a matter field and some results
on the equivalence of sections in the construction. It is possible, however,
that only very close to a singularity will the choice of parallelization affect
the completion.

The work of Marathe [48] was previously unknown to those occupied
with space-time boundaries. However, Marathe used the Schmidt metric,
more or less, to establish the paracompactness of a frame bundle in the
process of proving the following result, which also uses a global section.

Theorem. Let LM have structure group G; H is the closed sub-
group of G that leaves invariant a given nondegenerate quadratic
form, and E is the associated bundle of LM with fibre G/H. Then
M is metrizable if £ admits a section. (We want M Hausdorff and
connected.)

Outline of Proof (see [48]). Consider one component L' M. It is locally
compact and paracompact, so it can be written (see 1.2.6) as a countable
union of compact sets K, such that for all n

K, <cintk,,,
Each K, is metrizable and hence so is II,.(X}).
Now, II,. is open (see 11.2.2), and therefore

MK, < int N (K, +1)
$0

M= U HL'(Kn)

is also metrizable. |

Corollary. (1) M is paracompact if E admits a section (see 1.2.6).
(ii) M is paracompact if and only if LM admits a connection.
(iii) M is paracompact if and only if it admits a pseudo-
Riemannian structure. Jij



496 Dodson

In the context of space-times the candidate for H is of course the
Lorentz group, and Geroch [27] had already shown that a space-time metric
would imply paracompactness when Marathe observed (see [31]. p. 243)
that the Cauchy completion of M with the metric from his theorem yields a
topological boundary. On the other hand, the connection metrics on LM
and its associated bundles yield essentially the Schmidt or Sachs quotient
spaces and hence the h-boundary.

4.4. The Essential b-Boundary. (This section was written in collabora-
tion with M. J. Slupinski and based on notes supplied by C. J. S. Clarke in
amplification of a construction proposed by him; see [31], p. 22.)

4.4.1. Introduction. We suppose that M is a noncompact space-time.
For any open subsets ¥, V, of M and an isometry

i Vl'—> V2

we shall denote by ¥;, ¥, the b-boundary (not topological) closures and i
will be the induced map.
We shall use the family

J={V < M|M\Viscompact} = {V,|ec 4}

for some index set 4. Later we need the partial order < defined on A by
inclusions among the members of J.

The construction depends on forming a limiting space M*® from a
family {M,|« € A} of topological spaces such that M, V,, and ¥, have open
homeomorphic images in M, for each « € A. Then M* contains a dense
subspace M°® ~ M and we define the essential b-boundary to be

oM = M*\M®

In the sequel, Proposition 1 gives a basis for the topology of M *®; Proposi-
tions 2 and 3 characterize M° and establish its denseness in M ® ; Propositions
4 and 5 reveal the desired separation properties; Proposition 6 shows that
points in &M without counterparts in 0° M lie at the end of curves partially
trapped in some compact set and that points in M arising only from trapped
curves have no correspondents in 8* M.

4.4.2. Preliminaries. For any V, € J denote by M, the disjoint union
of M with V,, with topology generated by their disjoint topologies as sub-
basis. Then M, V,, and ¥, have homeomorphic inclusions in M,. Now
construct the family {M,|a € 4} as follows.

Definition. M, = M®|~,, a € A, where ~, is the equivalence relation
induced on M, by the inclusion i,: ¥V, = M with x ~, y if and only if one
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of the following holds: (&) x = y. (b) x = i,(¥). (¢) i,(x) = y. We choose
for each M, the coarsest topology that supports continuity of the projection

Doi My — M, x> [x].,
It follows that p, wrestricts to each of M, V,, and ¥, as a homeomorphism,
$0 pV, sits in p,V, in just the same way that V, sits in 7,.
Given any V,, V,eJ with V, € V; (so o« < ), we can construct a
map from M, to M, as follows. For 4 = « or B we have
7,, ahomeomorphism of ¥, into M,
m,, ahomeomorphism of M into M,
We also have the inclusion maps
igg: Ve > Vs and jou: LV, <> LV,
It is easy to extend these to give
Jug: LVy = LVj: Lim (x,) > Lim (jzx,)

iaﬁ: Va - VB: [(xn)]G = [(jaﬁxn)]G
where
[(x)]e = {R, Lim (x,)|(x,) is Cauchy on LV,, h € G}

Since it preserves limits of convergent sequences because j,, is metric de-
creasing, j,; is continuous. But it need not be injective, for two fibres in
LV, may be sent to one fibre in LV,. Consequently i,; need not be injective.
However, the projections

z: LV, — V,: Lim (x,) > [(x)]e
Mz: LV, — V,: Lim (x,) = [(x,)]e
are open, so i, is continuous. For if U is open in V,, then
{thU = lzjus (I3 U)
is open in V,.
Now we define the required map from M, to M, by the following
compositions:
Past My — M,
such that
Fyolyofyi(x) ifxerV,)
my o my }(x) if x e m(M)

pus) = {

Though not necessarily injective, the map p,, is continuous by the continuity
of its constituents. We observe, however, that boundary points of ¥, may
be sent to internal points of V.
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kM/m,;’

The Partial Ordering of A. The index A4 is decreasingly filtrated because
for all «, 8€ 4 we can find p e 4 with p < « and p < 8. This follows from
the fact that JU @ is a topology for M, and so

Vi Vel =V, =V, N\ V,el

We note that < is only a partial order on 4; so it is reflexive, antisymmetric,
and transitive; but arbitrary pairs p, A from 4 may satisfy neither p < A
nor A < p.

4.4.3. The Projective Limit Space M*. We follow Kowalsky [42], p.
273, and define

M*® = lim proj {M,, € A; pyp, ¢ < BE A}
to be the set of all sequences (x,),., satisfying (a) x, € M, and (b) if & < B,
then p,s(x,) = x,. We take as topology for M® the coarsest that ensures
continuity of all projections
Xo: M — My (X )geat> Xg, Bed
Evidently, if « < B, then
Xs = Pes © Xa
Lemma. Suppose that U is open in M*® because for some open
V < M; we have U = y;<V. Then if « < 8, we can find open V' = M
with U = x,“V".
Proof. The identity ;= y." ° pss allows the choice
V' = Pas” vV .
Proposition 1. The collection
T ={x,"V< M*|Visopenin M,, « € A}

is a basis (not just a subbasis) for the topology on M*.

Proof. Consider any finite collaction of open V,,, € M,k =1,...,n,
giving rise to the following members of T

U, = Xal‘— V(xl; ey Un = Xa"‘_ Va,‘

We proceed to show that (-, U, is also a member of 7',
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Since A is decreasingly filtrated, we can find « € 4 with « < o, for all
k = 1,..., n. By the lemma we can find open sets
Vi = Pac, Vo, S Mo, with Uy = x," Vi
hence we see that

n n n
o= (V= () a
k=1 k=1 k=1
But the V, are open in M, and therefore so is their intersection; then
M= UeeT. M
Definition. M° = [Nues Xo (M M).

Proposition 2. M° consists of the constant sequences induced by
M and is homeomorphic to M.

Proof. (a) We show that
M° = {(x)ues € M*| x, = m(y) for some fixed y € M}

Given (x,)gea € M°, then x, € m, M for all « € A; so suppose that we can find
y, ' € M for which

Xo = my) and x5 = my(y)
As before, we can find p € 4 such that p < «, p € B, and therefore
Xy = puu(Xe) = ppu(Xs)
Now, by definition of p,,, pg,
my o mg o my(y) = myomg*omy(y)

So y = y’ because m, is injective.

(b) We show that for all « € 4 the restriction of x, to M° is a homeo-
morphism onto m, M, since we know that m M is homeomorphic to M.

Now, yq1a i the restriction of a continuous map and plainly a bijection
onto m,M. It remains to prove that it is an open map.

Keep o fixed and consider any U € T, the basis for the topology on M*.
Then we have

V=U m M°is a typical set in the basis for the induced topology on M°
U = y,~Wfor some B € 4 and some open set W < M,

Since A is decreasingly filtrated we can find pe 4 with p < «, p < 8, and
by the lemma there exists an open set W’ < M, such that

U=x"W and V=yx "W {(\M°
We arrive at y, by

— —_ -1
Xo = Puc© Xy and Pualm,u = Mg o My,
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Hence yx,V is open in m, M because m, - m;* is a homeomorphism. Open
also will be the image by y, of any union of sets from the basis for M°.
Therefore, xq 5 is @ homeomorphism. I

4.4.4. The Essential b-Boundary 0*M. We have M°, a homeomorph
of M in M*, so we define the boundary

0°M = M*\M°
Then by De Morgan
oM = U (M.\Xak(maM))

7Y
It follows that (x,),c4 € @*M if and only if (a) x; ¢ mzM, for some Be A4
(by definition) or, equivalently, (b) 38 € 4 such that for all « < 8, x, ¢ m, M
(because if Bis chosen by (a), then e < B = pgpx, = X5 ¢ mgM, 50 X, ¢ m,M).
Proposition 3. M° is dense in M ®.

Proof. Given any x = (x,)ecs € M®* and any open neighborhood N
of x, we show that N[ M° # .
We need only consider x € 9*M and N of the form

N = x; W, forsomepeAd

with W an open neighborhood of x; in M,, because by Proposition 1 such
sets form a basis for the topology on M. Therefore we can find some y e M
with m4(y) € W. Hence the sequence

(yot = ma(y))tzeA eM°
lies in the set N () M°.

Proposition 4. Any X = (X)gea €0°M and y = (Vo)yes € M° are
Hausdorff separated in M®.

Proof. Since ye M° we can find ae M with x.(y) = mya) for all
a € A. Also we can choose an open neighborhood V of ¢ in M with ¥ com-
pact. Then for some p € A we have

V,=MVeT witha¢V,

Either x, is in é¥, or not.

(i) x, ¢ 0V, =>x,em,M. But mfa)em,M also, and m,M ~ M is
Hausdorff. Hence m,(a) and x, can be separated by disjoint open sets W, W’
in m,M. Therefore x and y are separated by disjoint open sets y,“ W, x,“ W’
in M.

(i) x,e eV, = x,€#,V, But #,V, is open in M,, and by construction
it does not meet m, ¥V, which is also open and contains m,(a). Hence the
required separation of x and y is effected by the disjoint open sets y,“(7,7,)

and x,“(m, V). W
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We observe that if V, €T, so M\V, is compact; then ¥, may consist
of more than one component. However, since M is noncompact, at most
one of the components of ¥, is a member of T; for if ¥V, = VU V' with
VNV = g and M\V compact, then we cannot have M\V"’ compact since

M= M\V) v (M\V)

is noncompact.

We need some formulation of which singularities among the points of
{2V,|a & A} are reasonably expected to correspond to distinct points of 2* M.
Then we show that this indeed separates the past and future singularities
in ciosed Friedmann space-time (see 3.7).

Definition. We shall say that a € 8V, corresponds 1o x = (X)yes € 0*M
if and only if x; = a.

We shall say that a, b € 9V} are intuitively separate if V, has two disjoint
components Vj, ¥y with ac 0V, and b € 0V7.

Proposition 5. If a, b e 6V, are intuitively separate and a, b corre-
spond to x, yed*M respectively, then x and y are Hausdorff
separated in M ®.

Proof. Since V; is disconnected, the two components V3, ¥z whose
b-boundaries contain a, b, respectively, are open and closed in V,. Hence
V;NeVy = gsoV;NnV;= . But¥;and ¥V} are open in M;. Therefore
x and y are separated in M by the disjoint open sets x,“V; and y;< V5,
respectively. i}

This does separate past from future singular points in A for closed
Friedmann space-time, because there we can take a global spacelike slice
K that is compact. This leaves the two singular regions in the two disjoint
components of V = M\K, and M\V is compact by construction.

Finally, we consider points of M that correspond to no points in
8° M. It turns out that these are closely related to trapped curves (see 11.3.10).

Definition. A curve ¢: [0, 1) — M is partially trapped in a compact set
K = M if for all 1, < 1 there exists some ¢ > ¢, with c(¢) € K.

Proposition 6. Suppose that p e oM and we denote by w e 4 the
index for ¥V, = M €J, so ¥V, = M. Then we have
() 7o(p) & xo(M*®) = 3c: [0, 1) — M ending at p with cpartially
trapped in some compact K.
(i) If for some compact K all curves ending at p are partially
trapped in K, then 7,(p) ¢ x.(M*).

Proof. (i) If 7,(p) ¢ x.(M*) and no curve ending at p is partially
trapped in any compact set, then for all 1 € 4 any curve ¢ ending at p remains
in ¥, eventually, because M\V, is compact. But such a curve defines a point
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x, € 7,0V, for all p € A and such that p,px, = x; foralla, 8 € A witha < 8.
However, p € o for all u e A4, so this contradicts 7,(p) & x.(M *).

(i) If 7,(p) € xo(M*®), then we can find (x,).., € M® with x, = Fu(p).
For some Be 4, V; = M\K for the given compact set K. But x, € 7,0V}
and pg,x5 = Fu(p). Hence some curve in ¥V, ends at p, so it cannot be
partially trapped in K = M\V,. R
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